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Lecture 04: Damped Oscillations

In these notes, we complicate our previous discussion of the simple harmonic oscillator by considering the
case in which energy is not conserved. Specifically we consider how the dynamics and kinematics of the
oscillator change when we subject it to a velocity-dependent damping force.

1 Decreasing Amplitude

We previously claimed to have found a mathematical way to characterize systems which oscillate about a
stable equilibrium, but our model was not as accurate as it could be. If you have ever setup a pendulum
and allowed it to swing for a few periods, you would notice that its angular position does not exactly look
like the constant oscillations of a sinusoid. Rather, we would find that the amplitude of the swing decreases
over time until the pendulum stops moving (See Fig. [I).

O

Figure 1: Damped pendulum: Pendulums in real life are always acted upon by air drag (in addition to the
frictional forces at their pivots) and thus they do not conserve energy. In the figure, the successive shadows
depict successive amplitudes of the pendulum swing.

The reason this happens is that, unlike the ideal world of physical models, the real world is somewhat
messy. As the pendulum swings, the massive object bumps into molecules in the air and this collective
bumping works to rob the pendulum of its initial energy. Over time these molecular collisions dissipate all
of the energy of the pendulum so that its amplitude of oscillations get smaller and smaller.

Consequently the total mechanical energy of a pendulum (and pretty much any real oscillating system)
is not actually conserved and the associated equation of motion of is notf + w26 = 0. To find the correct equa-
tion of motion we would need to find a way to model oscillatory phenomena which decrease in amplitude
due to air drag.

Framing Question

How do we model oscillatory phenomena in which air drag causes a decrease in oscillation
amplitude?
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1.1 Drag and general Damping Forces

To achieve our objective of finding a more accurate model for oscillatory phenomena, we need to first find the
correct Newton’s second law equation for such systems. Thus we need to better determine the forces acting
on our oscillating object. When previously analyzing simple harmonic oscillations, we only considered
position dependent and energy-conserving forces, but if we know that real oscillations do not conserve
mechanical energy we need to consider the forces responsible for this non-conservation.

Figure 2: Drag force on a spherical object moving through a liquid. The drag force opposes the direction of
motion and is proportional to the speed. Figure adapted from Wikipedia.

In mechanics, such forces are generally termed frictional forces. You have likely encountered frictional
forces like static friction and kinetic friction in a mechanics class before. These forces arise when two solid

objects are in contact with and slide past one another, but this is not the type of frictional force we’re inter-
ested in.

Rather we're interested in the case when a solid object is moving through a liquid or gaseous medium.
This movement is associated with a particular type of frictional force called a drag force. For example, when
a spherical ball moves at low speedd’|through a liquid medium the drag force exerted on the ball is

ﬁdrag = —bﬁ, (1)

where b is a constant which depends on the properties of the medium and the geometric properties of the
ball. Eq.(I) also well models the force exerted on objects moving through air, so we will use it as our main
drag force in what follows.

2 Damped Oscillations
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Figure 3: Damped Harmonic Oscillator

With the force of air drag (for sufficiently low velocities) given by Eq.(I) we can now analyze harmonic
oscillator motion subject to a velocity dependent drag force. We will consider the one-dimensional mass-

Defined by a quantity termed the Reynolds Number, At higher speeds, the drag force is a quadratic function of speed.


https://en.wikipedia.org/wiki/Reynolds_number
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spring system with the knowledge that this analysis can be generalized to any other oscillating system. We
will also take our stable equilibrium position to be at 2 = 0 for simplicity.The system is depicted in Fig.
Including the drag force, the total force exerted on the object is

Fnet - Fdrag + Fspring = 7bj: — kx (2)

For most problems we will take b as given. By Newton’s second law, the equation of motion for the mass is
therefore

mi = Fpet = —b2 — ka, (3)
or
&+ 2y + wiz =0, 4)
where we defined b i
y=-— and wj=—. ®)
2m m

Eq.() is the desired equation of motion for harmonic motion with air drag. It models what is known as
damped harmonic oscillations, and is more realistic than the case where b is assumed to be zero. It can thus
be readily applied to most every-day oscillating systems provided they can be defined one-dimensionally.

With our new equation of motion Eq.[#), our next task is to solve it and obtain the explicit kinematics
(that is, positions and velocities) for the damped harmonic oscillator. Fortunately, we see that Eq.(4) is linear
in z(t) and thus is amenable to the “exponential guess” method we employed to solve the simple harmonic
oscillator equation of motion.

Recalling the exponential guess method, the steps are to

1. Guess an exponential solution of the form Ae®*

2. Derive the condition o must satisfy in order for Ae® to be a solution of the equation of motion

3. Solve the condition for values of a1, ..., a,

4. If the o are uniqueﬂ write general solution as z(t) = Aje™'! + Aye™2! + .- + A et
We employ these steps as follows. Assuming an exponential solution of the form = = Ae*!, we find Eq.(4)

becomes
A (a2 + 2va + wg) e =0, (6)

thus the condition oo must satisfy is
o+ 2ya +wi = 0. (7)

Solving Eq.(7), we find the two solutions

ar = —y £/ — i 8)

These two solutions of « define the two independent solutions of Eq.(). And from these solutions we find
there are three ways v and wy can be related which lead to distinct forms of a..

e wy > v (Weak damping)
e wy < 7 (Strong damping)
e wy = (Critical damping),

we explore each of these cases below including their associated kinematic predictions.

2If the a; are not unique the general solution will be different. See ”Critically Damped” section.
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Figure 4: The three possible cases of damped harmonic oscillation

2.1 Underdamped

For the case where wy > 7, the spring force dominates the drag force, and the system still exhibits oscilla-
tions. We call such a scenario, “underdamped” harmonic motion. Defining

Q= wi -2, )

we find that the general solution in this case is
r(t) = Ape®+t A et = (A+ei9t + A_e*mt) . (10)

The quantity in the parentheses of Eq.(10) is complex and yet we know that the solution z(¢) must be real.
Thus to find the real solution we take the real part of the quantity in the parentheses—in the same way we
did so for the simple harmonic oscillator. We then find that the general solution for underdamped motion
can be written as

z(t) = e 7" (A4 cos(Q) + A_sin(Qt)). (11)

But the most useful form is one where the exponential factor multiplies a single sinusoid:
z(t) = e " Ag cos(Q — ¢), (12)

where A and ¢ are determined by initial conditions. This predicted position as a function of time is depicted
in Fig. [4a] We note that z(t) exhibits oscillations with a definitive period, but the amplitude of the oscillation
decays away exponentially.

2.2 Overdamped

For the case where v > wy, the drag force dominates over the spring force and we have what is known as
“overdamped” motion. In this case, we can define

I'=4/92 —w?, (13)

and the general solution to Eq.() becomes

{,C(t) — A+ea+t + Aiea,t _ e—’Yt (A+€Ft + A,e_rt) (14)
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Because v > T, Eq.(14) represents a solution in which z(¢) decays to zero over time. Thus the over-damped
harmonic oscillator is not truly an oscillator at all. The drag force so impedes the spring force that the
oscillations no longer occur. This motion is depicted in Fig. b}

2.3 Critically Damped

When wy = v, then the two roots of Eq.(7) are not unique, and so we cannot write the general solution as a
linear combination of two unique solutions. Instead, whenever we’re solving a homogeneous linear differ-
ential equation and we find that a root repeats, then general solution consist of a polynomial multiplying
the exponential of the repeating root. For the case Eq.(4), for wy = ~, the theory of differential equations
tells us that the general solution is

z(t) = (A+ Bt)e . (15)

You don't have to take my word for this: We can take Eq.(I5) as a guess and check it against Eq.() for
~v = wp. This predicted position is depicted in Fig. We see in the figure that critically damped motion,
like overdamped motion, does not exhibit any oscillations. It can also (like critically damped motion) exhibit
changes in direction.

3 Properties of Underdamped Motion

We will now focus on underdamped motion, because seeing as it contains both exponential decay and sinu-
soidal oscillations it is the most mathematically interesting of the cases explored above. In the real world,
unless they are specifically prepared to be otherwise, all oscillations are under damped. Consequently it
would prove useful to define a specific quantity which determines the extent to which an oscillatory system
is damped. This leads us to a new framing question.

Question

How can we characterize the extent to which a system is underdamped?

An obvious guess is that we can characterize the amount of damping in the same way we did so above:
By the ratio wo /. This turns out to be correct, but we will get to this answer again by considering the energy
and power of the oscillatory system.

3.1 Energy and Power

For the simple harmonic oscillator, one of its fundamental properties was that its total mechanical energy
was conserved. This is not so for the damped harmonic oscillator. We can see this by starting with the
equation for the total mechanical energy of a spring oscillator system:

1, 1
Fiot = 5mxz + §kx2. (16)

We note that we don’t include a drag force term in Eq.(16) because such a term is neither related to the kinetic
nor the potential energy. Differentiating Eq.(16) with respect to time we find

dBot  d (1 5, 1, ,
dt _dt(me gk

= mix + kxx

=mi (& + wjz)
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= —2mry i?, 17)

where we used Eq.(d) in the final line. Because m, v, and i? are exclusively positive quantities, we thus see
that the damped harmonic oscillator decreases in time until it reaches zero. This is consistent with what we
observe in oscillations whose amplitude decrease to zero.

Eq.(17) has a specific interpretation in terms of another dynamical quantity. Since the time rate change
of energy is power, the mechanical power P supplied to (or taken away from a system) is given by

_ dEtot

P== (18)

When Eq.(18) is positive, then power is being added to the system; when it is less than zero, power is being
taken away from the system; when it is zero, energy is conserved. Eq.(17) thus indicates that the drag forces
are responsible for robbing the oscillator of power until its energy has decayed to zero.

How exactly does this energy decay to zero? We can answer this question by using Eq.(17) to obtain an
approximate equation for how the total energy evolves in time. In order to find this equation, we make the
"very weak damping” approximation

v <K wy [Very Weak Damping]. (19)
Where we used Eq.(9), to also say v < . Computing the total mechanical energy Eq.(16), for the solution
Eq.(12) we obtain

1 1
Etot = *miz + §I€l’2

2
I Yo b L
= Emﬂ (— a¢ 7 Ag cos(Q — @) — e Ag sin(Qt — ¢)> + ike T AG cost (2t — ). (20)

Since vy < (2, we can approximately ignore the first term in the parentheses of Eq.(20). Thus the total energy
has the form

1 1
Eiot imQQe*Q“’tAg sin?(Qt — ¢) + 5]{}672’%14(2) cos? (Ut — ¢)
1 1
~ imw(Q)e*QWA(Q) sin?(Qt — ¢) + ike*QVtA(Q) cos?(Qt — ¢)
1
= 5kffw,axg, (21)

where in the second line we used the “very weak damping” approximation 2 ~ wy. By Eq.(21), we find
Eiot(0) ~ %kA% much like the simple harmonic oscillator, and thus we can write

FEiot(t) ~ Eyoe(0)e™ 2t (22)

Therefore, we find that for very weakly damped oscillations, the total mechanical energy of the harmonic
oscillator decays away exponentially in time.

3.2 Quality Factor

We can use the behavior given in Eq.(22) to develop a quantitative measure of how well an oscillator stores
energy. To this end we seek to determine how much energy is lost by a damped oscillator as it proceeds
through an oscillation cycle. Thus, we compute the ratio

Energy stored in oscillator
Energy lost per radian of oscillation

(23)
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If no energy is lost per radian of oscillation, then this ratio would be infinite and the oscillator would exhibit
no damping. If all the energy of the oscillator is lost over a single radian of oscillation, then this ratio would
be to 1 and the oscillator would be virtually incapable of storing energy. How does this definition compare to
our previously defined parameters? By the definition of angular frequency (in units of radians per second),
a single radian of oscillation is defined by ¢; where

1 radian = Qt; ~ wot;. (24)

We note that radians are a dimensionless quantity which are only specified here for precision. Thus, we find
that the time to cover a single radian of oscillation is ¢; ~ 1/wy. Over this time period, the energy lost in the
oscillator is

AE‘lost = Etot 0
= Etot 0

( Eiot(t1)
(

~ Fiot(0
(

(1—e™")
(2vt1) [Taylor expansion of exponential]

) =
)
)
)

2
>~ Etot 0 l (25)
wo

Therefore, by Eq.(23) the desired ratio is
Eiot(0) - wo

~— 26
APEjost 2y (26)
We define the quantity wy /27 as the quality factor @ of an underdamped oscillator:
= ;u—o [Definition of Quality Factor]. (27)
v

We see then this quality factor definition is consistent with our previous discussion of the underdamped
oscillator. For ) ~ 1, we have wy ~ 2, and the oscillator is thus close to being critically damped. When an
oscillator is critically damped it is no longer truly an oscillator and thus cannot store energyﬂ Alternatively,
for @ > 1, we have wy > 2v, and the oscillator is hardly damped at all and, consequently, is capable of
oscillating for many periods before it decays to zero. Moreover, given that wy = +/k/m and 2y = b/m for
the mass-spring system, we find that the quality factor for this system is

vmk
Qmass—spring = T (28)

Therefore under the assumption of fixed b, we can increase the quality factor of the mass-spring oscillator
by increasing its mass or increasing the strength of the spring.

4 Damped Pendulum

We started these notes with the case of a pendulum moving under the forces of air drag. Given our discus-
sion of damped simple harmonic motion, we can now write the equation of motion for such a system. For
the pendulum, the velocity of the object at it’s end is given by v = ¢f. Therefore the drag force exerted on
the pendulum bob is

Firag = —bl0. (29)

3Given our previous definitions of critical damped motion, if Q is only defined for underdamped oscillators then it is bounded
below by 1/2; less than 1/2 corresponds to overdamped oscillators.
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Noting that that powelﬂ is given by

- dE
P=Fy 7= d;Ot’ (30)
and that the only external external force on the pendulum is the drag force, we find
- dE
E ext U= %
cod 1 5.
Fyrag x 0 = = Emﬁ 0 + mgl(1 — cos0)
B 242 2/ . g .
bO26% = mi 0(9+€sm9), (31)
Dividing the entire equation by m¢2¢ and moving all terms to one side, we find the equation of motion
0+ 20 + wisinf = 0, (32)

where v = b/2m and w§ = g/¢. Eq.(33) is the equation of motion for the damped pendulum. Like the
equation of motion for the pendulum itself, this equation is difficult to solve without approximation. In the
small angle approximation we can take sin § ~ 6, to obtain the approximate equation of motion

04 2760 + w26 ~ 0. (33)

Now, although pendulum systems are almost always damped, their damping is often so slight that we can
consider them very weakly damped. Thus we can calculate the quality factor of the pendulum to be

wo m /g
Qpendulum = % = b\/; (34)

Thus, we see that shorter pendulums with heavier bobs store energy better than longer pendulums with
lighter bobs.

Power = Force x Velocity: We know from basic classical mechanics, that when an external force ﬁext
acts upon a particle, it does work W on the particle by an amount equivalent to the particle’s change
in energy:

AE =W (35)

We also know that the work done on the particle is equal to the dot product between the distance A%
the particle travels and Fe: the external force is applied to the particle.

W = AZ- Fog (36)
With Eq.(35) and Eq.(36), we find that the total change in the particle’s energy is
AFEy = AT - ﬁext (37)

Given that the power added to (or taken away from) a system is equal to the time derivative of the
system’s mechanical energy, we find that this power can be written as

P = lim AE‘to’c = I AZ - ﬁext

Ao At Ao At (38)

4See supplement at the end of this section
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which implies

P = Fext . (39)

<y

where #'is the velocity of the particle.
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