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Large W limit of the knapsack problem
Solving the knapsack problem using statistical physics and connecting dynamic programming to greedy

solutions

1 Introduction
We have N objects where object i has value vi and weight wi, and a "knapsack" that can hold a maximum
weight ofW . What is the collection of objects that has the maximum total value consistent with the weight
limit?

This question is known as the "knapsack problem," and there are many standard algorithms to solve
it. Two common algorithms are "dynamic programming" and "greedy solution," the former involving a
recursive structure of solutions and the latter involving more myopic optimization.

2 Main Result
We represent the knapsack problem a bit more formally. We define the collection of objects in the knapsack
as x = (x1, x2, . . . , xN ) with xi = 1 if object i is in the knapsack and xi = 0 otherwise, and we define our
weight and value vectors as w ≡ (w1, w2, . . . , wN ) and v ≡ (v1, v2, . . . , vN ), respectively. Then our objective
is to find x that maximizes v · x subject to the constraint w · x ≤ W . For simplicity, we take vi and wi to be
positive integers. Thus,W is also an integer satisfyingW ≥ N . Letting x define the microstate of a statistical
physics system at temperature T = β−1, we find the partition function for this system can be written as
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where Γ is a closed contour about the origin in the complex plane. From the partition function, we find the
dynamic programming solution for the optimal value VN (W ) for N objects and a weight limitW :

VN (W ) =
{
VN−1(W ) forW < wN

max{VN−1(W ), vN + VN−1(W − wN )} forW ≥ wN ,
(2)

Taking the partition function to theW � wi limit, we can also obtain a greedy solution for the KP:
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v`H(v`/w` − γ0), where γ0 is defined by W =
N∑
j=1

wjH(v`/w` − γ0), (3)

andwhereH(x) = 1 if x > 0 andH(x) = 0 if x < 0. Thus, we find a relationship between these two common
algorithms:
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