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Final Exam Review Problems

Problems

Note: All of these problems assume access to the final exam equation sheet.

1. Time Evolution (Adapted from [1])

Suppose that the Hamiltonian is a linear operator with

Hlp) = N¢), Hlg) = Alv), 1)

where ) is an arbitrary real constant, and |¢) and |¢) are a pair of normalized independent (but not
necessarily orthogonal) state vectors.

(a) What are the conditions that |¢) and |1) must satisfy in order for this Hamiltonian to be Hermi-
tian?

(b) With these conditions satisfied, find the states with definite energy and the corresponding energy
values.

(c) Say the system begins in the state |i/). At what times is there zero probability to be found in the
state |¢)?

2. Harmonic oscillator (Adapted from [2])
Consider a one-dimensional harmonic oscillator of Hamiltonian A and stationary states |n):

Hn) = hw (a*a+;> In) = hw (n—l-;) In), 2)

where G and a' are the raising and lowering operators of the harmonic oscillator satisfying [, af] = 1.
The operator U (k) is defined by

U(k) = X, 3)
where k is real and X is the position operator.
(a) Is U(k) unitary? Show that for all n, its matrix elements satisfy the relation

2
=1. (4)

> |mio

(b) Using the formula

eAeB _ 6A+B€%[A,B]7 (5)

valid for [A, B] commuting with A and B, write U(k) as a product of exponential operators.
(c) Interms of E;, = h2k? /2m and E,, = hw, find an expression for the matrix element

(n|U(k)[0). (6)

(Note: af|n) = v/n+ I|n + 1) and af|n) = /n|n — 1))
What happens as k approaches zero?



3. Hydrogen Wave Function

You are told that the angular part of the electron’s wave function in the hydrogen atom is

f(0,0) x % + (1 + cos ¢ tan 20) cos 20, 7)

where the proportionality constant is defined by normalization.
(a) You measure the energy. What is the probability of finding the value —13.6 eV? What is the
probability of finding the value —3.40 eV?
(b) You measure L?. What values can you obtain and with what probabilities?

() You measure L.. What is the probability of obtaining the lowest L, value?
4. Spin vectors and density matrices (Adapted from [3])

(a) Consider a pure state of identically prepared spin § systems. Suppose the expectation values (S,
and (S,) and the sign of (S,) are known. How would we determine the state vector? Why is it
unnecessary to know the magnitude of (S,)?

(b) Consider a mixed state of spin § systems. Suppose the mixed state averages [S,], [S,], and [S.] are
all known. In terms of [S,], [S,], and [S;], write the inequality which defines this state as a mixed
state.



Solutions

1. (a)

(b)

()

In order for an operator to be Hermitian, it must be equal to its Hermitian conjugate. This in turn
implies the operator has real eigenvalues and consequently real expectation values. Thus in order
for H to be Hermitian, its expectation value must be real. With this condition, we have

(WHp) = AW|) = (AM¥]p))" = A(pl), )

where we used the fact that ) is real in the final equality. Computing (¢|H|¢$) produces a similar
result, and so we see that in order for H to be hermitian, we need

(8ly) = (¥]9). )
|
Given Eq.(T), we find that [ in the [¢}), |¢) basis is

CMElE) A - i
H—( 1 MMW) [in [¢),6) basis]. (10)

Computing the eigenvalues of this Hamiltonian, gives us

TrH + \/(Trf{)2 —4det H
Ey = 5

= Molp) £ [A| (11)

where we used (¢[1)) = (¢|¢). For simplicity, and without loss of generality, we will take A > 0;
The alternative choice A < 0 can be analyzed similarly. For A > 0, the eigenvalues become

By = Ng|¢) £ (12)

By inspection of Eq.(10) (or by solving the eigenvector equations), we find that the eigenvectors

for Eq.(12) are
Ba=(1) =4 ). (13)

or, written explicitly in the |¢/), |¢) basis, is

) = 1)+ =lé), 1) = —=Iv) - <o) 19

1 1
\/iw ﬂ'
|

Since (¢|1) # 0, if the state begins in [¢), there are no subsequent times at which there is zero
probability to be in the state |¢). We can see this by computing our time evolved state given the
initial condition |a(t = 0)) = |[¢). Applying the standard time-evolution operator, we find

ja(t)) = e /Ry

S 1 1
_ e—th/h <|E+> + 2|E_>)

V2 V2
L iB.t/n L B un
= vt E.)+ = FE_). 15
\/56 | +> \/ie | > ( )

Computing the inner product between |a(t)) and |¢) yields the probability amplitude for the



(@)

(b)

|t)) — |¢) process:

(Ola(V) = Jse NG + e PNl

=l

= 5 [+ @lepe = — (1= (glup)e 1 (16)

l\D\H

We want to find the times where |(¢|a(t))|?> = 0. These times are equivalent to those for which
(¢lae(t)) = 0. Solving for these times using Eq.(16), we find

1+ {(¢¥) _ —i(E_—By)t/h _ ,—2i\t/h 17
ey R 47

Eq.(17) has no solution because while the right-hand side has modulus 1 for all ¢, the left hand side
(given (¢|¢p) # 0) has a modulus which can never be 1. Therefore, we see that precisely because
|¢) and |¢) are not orthogonal, if we begin in |¢) there will always be a nonzero probability to be
found in |¢).

|
If k is real and X is Hermitian we find
(Af(k)T = exp (sz)T = exp (—z’kXT> = exp (—sz) (18)
Therefore UUT = ¢*X¢~i*X — T and U is unitary.
Proving the stated identity, we have
> ’(nlff(k)ln'> = Z<nIU( )In ) (U (K)[n')”
= _ U YnlUE)n)T
= Z(nlﬁ(k)\n’ﬂn'\U(k)Wn)
= (n|U(k Z In"y(n/| | U(k)|n)
= (n|U (k)L ( i) = {nln) =1, (19)

where in the second line we used the fact that the Hermitian conjugate of a scalar is equivalent
to the complex conjugate of the scalar.

]
Given the representation of X in terms of raising and lowering operators,
X =)t (at +a) (20)
2mw ’

the fact that [, a'] = 1, and the identity A5 = ¢AeBe 3148l (for [A, [A, B]] = [B,[A, B]] = 0),
we find

ﬁ(k) = exp [iq (ELT + EL)]
= exp [iq &T] exp [iq a] exp {;[iq(ﬂ, iqd]}

4



= e’aneiqdequ/Z, (21)

where we defined ¢ = k/ 5 for notational simplicity. As it expresses U(k) as a product of
exponential operators, Eq.(21) is the desired result.

]
(c) Given a|n) = /n|n — 1) and a'|n) = /n + 1|n + 1), we can establish the identities
- afym
e'40) = |0) and |m)= ﬂ@. (22)
vm!
Now, calculating the matrix element (n|U(k)|0), we find
(nlU(R)]0) = (nle't™ e'a%[0)e /2
= <n|6iq‘ﬂ|0>ef‘f/2
(o) . Y/ R
= (n] Z (Zg') (dT)Z‘O> e~ /2
=0
— (ig)" —¢%/2
=(n |ty e~/
>0
_ 19" g2
"l )
where we used (n|¢) = 6, in the final line. Given that E}, = h?k?/2m and E,, = hw, we can write
hk* E
¢ = 2mw Fk )
Therefore, the computed matrix element is
.n n/2
~ - (3 Ek Ek
w0 = S (55) e |55 5)

We note that as k — 0, B — 0, and (n|U(k)|0) — 0. This is consistent with the fact that U (k) — I
as k — 0 and that |n) and |0) are orthonormal states.

. Before we complete the various parts of the problem, we must express f(6, ¢) in terms of spherical
harmonics. Employing various triogonometric identities, we find

f(8,9) x é + (1 + cos ¢ tan 26) cos 26

= — 4 co0s 20 + cos ¢ sin 26
+2cos? 0 — 1 4 2sin 6 cos 6 cos ¢

(3cos? 6 — 1) + 2sin 6 cos b cos ¢

WIN WIN W= W

\/? Yao(6,0) + %[Yz,,xe,w+Y2,+1(9v¢>}’ 2



4.

Because it will be relevant later, we normalize (6, ¢) by defining

10.9) = — B\/l?we, 0+ 1 1(0.60) + ¥aa00, ¢>>H , @)

4 167 81 160 7
Ny g om0 © 2
0 5 T T 15 (3 (28)

where

(a) For the hydrogen atom, we have the energy spectrum E,, = —13.6 €V /n?. Thus, energies of —13.6
eV and —3.4 eV correspond to the states n = 1 and n = 2, respectively. For the hydrogen atom
wave functions, we know that values of ¢ for a given n can be 0,...,n — 1. Thus, then =1
state can have ¢ = 0, and the n = 2 state can have / = 1 or £ = 0. None of these ¢ values are
represented in Eq.(27) and thus the amplitudes for the corresponding n states are zero. Therefore,
upon measuring the energy, the probability of finding —13.6 eV and the probability of finding
—3.4 eV are both zero.

(b) Because all of the spherical harmonics in Eq.(27) have ¢ = 2, the only value of L? we can obtain
upon measurement is h? x 2(2 4+ 1) = 6h?. We obtain this value with 100% probability.

(c) The probability of obtaining the lowest L, value is the modulus squared of the third term in
Eq.(27). Computing this result we find

8t 15 3
Prob(L, = —-h) = — X — = —. 2
rob(Le == = 75 X 16 = 11 @)
]
(a) We know that an arbitrary normalized ket in the | & z) basis can be written as
0 , 0 cos &
_ Z 0 in | — . 2
\¢>_c082|+z>+e s1n2| z) (ewsing >, (30)

where § € [0, 7] and ¢ € [0, 27]. To fully determine the state we would need to determine the two
parameters ¢ and ¢. Given the following matrix representation of the spin 1 operators

- h(io0o 1 A A0 —i A h(1 0
A 20 0) a0
and computing (S;) = (1|S;|1) with the matrix vector in Eq.(30), we find

(Sz) = gsinecos o, (Sy) = gsint?sin ¢, (S.)= gcos 6. (32)

In the domain 6 € [0, 7], the function cos @ is one-to-one and is therefore invertible. So if we know
the value of (S, ), we can determine 0 with

0 = cos™ (2<§Z>> € [0, 7). (33)

However, within the domain ¢ € [0, 27], the function cos ¢ is not one-to-one and is not invertible
unless we restrict its domain. Specifically, given that sin « is only positive for « € [0, 7|, we know
from Eq.(32) that (S,) is positive when ¢ € [0, 7| and is negative when ¢ € [r, 27].



(b)

Therefore, solving for ¢ using Eq.(33) and the first equation in Eq.(32), we find

N (N ) [0,7]  ifsgn(S,) >0
e ( h? /4 — <SZ>2> © {[W, 2nr] ifsgn(S,) <0 (34)

The state Eq.(30) is then completely determined.
The reason we do not need to know the exact value of (S,) is that Eq.(30) is defined by two
parameters, and we only need two independent and invertible conditions to fully determine both
parameters. With the values of both (S,;) and (S,) known, we already have these two conditions,
and knowing the sign of (S,) ensures that the condition for (S,) is invertible.

[ ]

We want to find the inequality (written in terms of the ensemble averages of the spin operators)
which defines the density operator / as a mixed state. We will first fully determine p and then
compute the inequality.

The density matrix for an ensemble of spin £ states can be represented by a general 2 x 2 matrix
with a trace of 1. For a general matrix p, we have

~_ [ Go a1
p—(a2 a3>' (35)
If we impose the condition that Tr p = 1, we find the new matrix
A 1-— az ay
p—( a ag)- (36)
Calculating [S;] = Tr S; using Eq.(31) and Eq.(36), we find
h I h
[Sa] = 5(a1 +a2), [Sy] = Fi(ar —az), [S] = 5 (1~ 2a3), (37)

which, when inverted, yields

w= (8] -115,), =

Therefore, we can write Eq.(36) as

([Sel +ilSyl) s as = [S-]. (38)

e ( L3S A (S —ilS,])
F(S]+ilS)) & — #[S:]

where &, are the Pauli matrices. Now, if we have a mixed state, then p?> # p and, relatedly, p
satisfies the inequality Tr p* < 1. Given the Pauli matrix identity

) _ %]1 + % (1Sa)61 + [Sy)02 + [S:)g5) ., (39)

G0 + 065 = 20441, (40)
(which can be established by direct calculation) and the fact that the Pauli matrices are traceless
we find

T =T |14 o (S H S+ [SP) 1| = 4 + 5 (SP ISP +[SP). @D

Thus, given the mixed state inequality Tr 5> < 1, we have [S,], [S,], and [S.,] are associated with



a mixed state if they satisfy
h2
[Sw]Q + [Sy]2 + [52]2 < Z (42)
As a check we note the for the pure ensemble p = | + z)(+z|, [S,] = [Sz] = 0 and [S.] = /2, and
the inequality in Eq.(#2) becomes an equality.
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