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Abstract

Motivated by the combinatorial properties of the protein-design problem and the specific
and non-specific interactions in biomolecular systems, we build exactly-solved models for
the statistical physics of the symmetric group, permutation glasses, and the self-assembly
of dimer systems. The first two models are studied for their statistical physics properties
apart from the motivating system, and the third model is used to better understand the
constraints of correct dimerization in biomolecular systems.

These models are exactly-solved in the sense that the sum-over-states defining their
partition functions can be reduced to analytically more tractable expressions, and unlike
most exactly-solved models in statistical physics whose motivations lie in condensed mat-
ter scenarios, these models are found by abstractly considering the combinatorial prop-
erties of biomolecular systems. This work suggests that there is a class of interesting but
unexplored models in the statistical physics of biomolecules. We conclude by suggesting

extensions to our presented models and starting points for new ones.
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Chapter 1

Introduction

“You're trying to predict the behavior of [complicated system]? Just model it as a [simple
object], and then add some secondary terms to account for [complications I just thought

of]. Easy, right? So why does [your field] need a whole journal anyway?”

—Physicist encountering a new subject, xkcd, Randall Munroe.

1.1 Overview

The research field of biophysics has existed since the mid-20th century, and for much of
that time its practitioners have viewed physics as a tool that provided quantitative ques-
tions and methods to a discipline traditionally more focused on qualitative analysis. These
physics-derived tools ultimately proved useful to biology not only because they gave the
subject a new vocabulary and technology, but also because they led to important problems
and solutions that biologists might not have found on their own. A few examples from
this history: Luria and Delbriick used mathematical and probabilistic methods to affirm
Darwin’s theory of evolution by natural selection (Luria and Delbriick, 1943; Luria, 1984;
Kay, 1985); Crick, Franklin, and Watson took from physics a reductionist philosophy and
X-ray crystallography methods and thereby resolved the sub-cellular structures respon-

sible for genetic inheritance (Watson and Crick, 1953; Sayre, 2000); Berg and Purcell used
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electromagnetism and the theory of diffusion to establish limits on how accurately bacteria
can determine surrounding food concentrations (Berg and Purcell, 1977).

Due to this history, more traditional physicists have considered biophysics to be a part
of applied physics rather than physics proper, which is to say that they saw the subject
as being concerned with problems less fundamental to our understanding of the phys-
ical world than those explored in cosmology, high energy physics, or condensed mat-
ter physics. According to this perspective, although one could use an understanding of
physics to contribute to problems of biological interest, one could not use problems in bi-
ology to contribute to an understanding of physics. One of the purposes of this thesis is
to argue that this view is wrong by showing that there are models motivated by biological
systems which nevertheless still have properties of interest to physicists.

To this end the thesis presents three statistical physics models: The first motivated
by the role permutations play in computational relationships between protein structure
and sequence, the second a disordered extension to the first, and the third motivated by
the general properties of correctly and incorrectly interacting monomers in protein and
DNA systems. Although all models begin from principally biological concerns, they also
ultimately bear features of interests to physicists. From the first model, we find multiple
phases andmultiple transition temperatures, and from the second model we find a new
context in which to explore quenched disorder. From the third model, we find explicit
equilibrium conditions defining how a system with many interacting particles can self-
organize into a more ordered configuration.

All models are "exactly solvable" in Baxter’s sense of the phrase (Baxter, 2016), that is,
the initial sum over states defining their partition functions can be reduced to analytical
expressions from which observables can be computed. Exactly solvable models are useful
in physics because they provide analytically simple frameworks for understanding prop-
erties found in more realistic systems. Thus, another purpose of this thesis is to study
an unexplored intersection between biomolecular systems and exactly-solved models in

statistical physics (Fig. 1.1).
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Biomolecules Combinatorics

Exactly Solved
Statistical Physics

FIGURE 1.1: The problems considered in this thesis are found in the intersection between
exactly-solved statistical physics, biomolecular systems, and combinatorics.

The key mathematical techniques used to study this intersection are drawn from com-
binatorics, and the basic approach we take to building and studying our models is as fol-
lows: We begin with a biomolecular system or a problem associated with biomolecular
systems. This starting point has properties that can be reduced to well-understood calcu-
lations from combinatorics. After representing the problem combinatorially, we then use
this representation to define the microstates of a statistical physics model whose exact par-
tition function is primarily either an interesting mathematical model in of itself or a useful
toy model for gaining insight into the motivating biomolecular system.

In this regard, the thesis can be divided into two parts. The first part, starting in Chap-
ter 2, begins by considering a computational solution to the "protein design problem" prob-
lem. Protein design refers to the task of determining what sequences of amino acids are
needed to obtain specific 3D protein structures (Shakhnovich, 1998). In certain compu-
tational solutions to this problem (Shakhnovich and Gutin, 1993a), one seeks the correct
orderings of a particular collection of amino acids, and, motivated by such solutions, we
present and analyze the properties of a model whose state space is defined by permuta-
tions of an ordered list. In Chapter 2 we analyze the simplest mean-field versions of the
model, and in Chapter 3 we study the model in the context of quenched disorder and
thereby define what we term a "permutation glass". In both chapters, after introducing
the problem, the focus is largely mathematical and the resulting model does not make

reference to the protein design problem that motivated it.
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The second part, represented by Chapter 4, also uses a biomolecular system to motivate
an exactly-solved statistical physics model, but after analyzing the properties of the model,
we use our results to develop new ways to understand the motivating system. In this way
the model we develop provides physics with an exactly-solved model of a self-organized
system and also provides molecular biology with a new way to characterize systems of
interacting biomolecules.

All of the presented models, whether they focus on the abstract properties of math-
ematical models or on what such models suggest about their motivating biomolecular
systems, are united in the ways that they use combinatorics to define and explore their
questions of interest. In the final chapter, we consider where else this theme might lead
us by extending the prior models to ones associated with a more general or different set
of combinatorics problems. The hope is that this final chapter itself provides an entryway

into a new set of exactly-solved models in statistical physics.

1.2 Supplementary Literature Review

The review of the literature relevant to the respective problems in Chapters 2 through
4 is presented at the start of each chapter. In this section we review the literature rele-
vant to the larger message of this work. In particular we review some of the important
work constituting the intersection between exactly-solved statistical physics models and
biomolecules, and we conclude by suggesting how incorporating combinatorics into this
intersection can expand the existing models that physicists draw from in understanding
biological phenomena. This review exists outside the specific collection of topics discussed
in the body of this thesis, and therefore can be excluded without a significant cost to later
understanding.

We will limit our subsequent discussion to models in the physics of biomolecules by
which we mean models derived from the equilibrium statistical physics of microstates and
partition functions. Therefore, we will not discuss the many important problem-solutions

in evolutionary dynamics nor will we discuss famous results in biochemistry.
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Finally, we will focus on models in equilibrium statistical physics rather than in non-
equilibrium statistical physics. This choice is not necessarily limiting since the set of sys-
tems for which there are exactly-solved non-equilibrium models, exists within the set of

systems for which there are exactly-solved equilibrium models.

1.2.1 Reign of the Ising Model

In equilibrium statistical physics, the study of a physical problem often begins with the
partition function, and if the partition function can be written as a closed-form analytical
expression! (or even be analytically approximated), we call the associated model "exactly-
solved" or "exactly-solvable." Therefore, we can say that the field of exactly-solved statis-
tical physics began in 1924, when Max Planck introduced the partition function to physics
and gave it its alphabetic symbol. Calling it "Zustandsumme" (the German word for "state
sum"), Planck applied the theoretical construct to study a gas of hydrogen atoms. (Mehra,
2001). One year later, in his PhD thesis, Ernst Ising used the partition function to study a
simple model of ferromagnetism proposed by his advisor (Ising, 1925; Brush, 1967). In the
model, microstates are defined by a linear chain of spins, each of which can point in two
directions. The spins interact with their nearest neighbors and an external magnetic field.

In modern notation, the energy of a particular spin microstate is written as
N-1 N
E{ai}) =—] ), oioip1 —h) o (1.1)
i=1 i=1

where 0; (which can be +1 or —1) is the spin value at lattice site 7, | is the energy of a
spin-spin coupling, and & is the energy from an external magnetic field. Ising computed
the partition function and the order-parameter for this system and showed that no phase-
transition existed for this one-dimensional case. Over the next two decades, various physi-
cists refined elements of Ising’s analysis and by the time Onsager, in 1948 (Onsager, 1944;
Brush, 1967) wrote the partition function for the two-dimensional case, the Ising model

was the most famous exactly-solved model in statistical physics.

1The mathematical meaning of "closed-form" is somewhat ambiguous (see (Weisstein, 2002a)). We take
it to mean an analytical expression which is simpler than the original sum-over-states defining the partition
function. But one could of course ask what does "simpler” mean.
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After the 1950s discovery of the structure of DNA, chemists and physicists sought
physical explanations for the structural properties of all biomolecules. Given the Ising
model’s renown in physics, it is not surprising that many of the first attempts in these
directions found their inspiration in this famous model of locally interacting spins. In
particular, there are a number of features in the Ising model which make it an attractive
metaphor for different systems. First, it is a model in which local interactions over an ex-
tended volume lead to macroscopic changes in the properties of the system. Second, these
macroscopic changes can be induced by changing the temperature of the system. Third,
since local interactions are the source of non-local changes, the Ising model is consistent
with the reductionist philosophy of physics and allows macroscopic properties to be en-
coded by parameters defining local interactions. Applying these features to biomolecular
systems, one could hope to connect the properties of individually interacting amino acids
and nucleotide bases to the larger structural properties of proteins and DNA, respectively.

Over the second-half of the 20th century, many scientists chased this hope, and we
will consider three problems representative of their efforts to use the Ising model to build

exactly-solved models of biophysical phenomena.

e Helix-Coil Formation

DNA denaturation is the process in which the nucleotide base pairs in double-stranded
DNA break apart leading to a partial or full separation of the two DNA strands. In
1960, Zimm borrowed transfer-method techniques from the Ising model to study a
physical model of DNA denaturation (Zimm, 1960). In Zimm'’s proposed model, the
nucleotide bases along a chain of DNA could exist in one of two states (bonded or
unbonded), and the bases could exist at the free ends between complementary DNA
strands, as bound base pairs, or as part of bubbles of unbound base pairs between

bound segments.

Zimm’s model of DNA denaturation was similar to one he published with Bragg a
year earlier concerning alpha helix-random coil transitions in polypeptides (Zimm
and Bragg, 1959). In certain polypeptides, the low-energy structure consists exclu-

sively of a series of alpha-helices, but when the surrounding system increases in

6
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temperature, these helices lose their structure and become random coils. In 1970,
Poland and Scheraga showed that Zimm’s models of alpha helix-random coil for-
mation could be expressed as an Ising model (Poland and Scheraga, 1970), and that
ever more general helix-coil models could be represented as Ising Model’s where
magnetic moments had more than two spin states (i.e., as "Potts models"). Nelson’s
text (Nelson, 2004) has a particularly readable discussion of Poland’s and Scheraga’s

model. Taking a polymer chain to consist of monomeric units in either a helical

(c = —1) or random-coil (¢ = +1) state, the energy of such a polymer can be mod-
eled as
N N-1
Enelix-coil ({07 }) = —akpT Y 07 — vkgT Y 00341, (1.2)
i=1 i=1

where « is a parameter associated with the difference in energy between helix and
coil free energies, and vy is a parameter associated with the cost of immobilizing the
bonds that make up the helix. Studying the statistical mechanics of a polymer made
up of helices and coils with the energy function Eq.(1.2) is equivalent to studying
the Ising model with energy function Eq.(1.1), and, therefore, many of the methods
of the latter can be transferred to the former. From these methods one finds that
from computing the partition function for Eq.(1.2), the fraction of the polymer in the

helical state is found to be

1 sinh «

o= (1+ ,
2 ( V sinhzoc+e4”/>

which for sufficiently large values of N, and appropriate interpretation of the pa-

(1.3)

rameters a and -y, well matches the experimental data (Zimm, Doty, and Iso, 1959;

Nelson, 2004).

e DNA Force-Extension

DNA consists of a long chain of molecules and, when it exists in an aqueous solution,
microstates where the chain is long and straight are entropically disfavored. Thus,
a force is required to stretch DNA. How one analytically computes this force clearly

depends on how one models the DNA chain, and given DNA’s long polymer-like
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structure, it is also clear that any such model should include a connected chain of
monomers. However, it has not always been clear what interaction and continuity

properties one should assume about those monomers.

The Freely Jointed Chain (FJC), the simplest of the DNA models, was developed by
Werner Kuhn (Kuhn, 1934) for more general purposes. In the model the chain is
defined by a sequence of monomers in three dimensions where each monomer can
point in any direction relative to the previous one. Kuhn introduced the model to

study rubber, but the results were later used to describe molecular chains like DNA

(Schellman, 1974).

The Worm-Like Chain (WLC), introduced after the FJC, took DNA to be a continu-
ous flexible rod whose energy arose from the bending of the rod away from parallel.
The model was proposed in (Saito, Takahashi, and Yunoki, 1967) and analyzed ex-
perimentally for DNA in (Marko and Siggia, 1995), where Marko and Siggia showed
it had force v. extension curves (for forces O(10? pN)) more accurate than those of

the FJC.

Conceptually poised between the FJC and the WLC is the Discrete Persistent Chain
(DPC), also known as the three-dimensional cooperative chain. Proposed by C. storm
and P. Nelson (Storm and Nelson, 2003), the model is a three-dimensional Ising
Model along a one-dimensional chain. Taking the chain to consist of N segments
of length ¢, where the ith segment points in the three-dimensional direction t;, a par-

ticular microstate of the chain is given by {t;} and the associated energy is

AR
¢

S-

Il
—_

Eppc({ti}) = —ft) 2-t,— A Z ti b, (1.4)
i=1

where f is the external force on the chain, and A is an effective-length parameter. In
(Storm and Nelson, 2003), Storm and Nelson found that the high-force (~ 10 pN)
stretching predictions for the DPC provided better fits to the experimental stretching
curves of DNA than both the FJC and WLC. Moreover, taking A — 0 reduces the

DPC to the FJC, and taking N — oo transitions the DPC to the WLC. Therefore, in
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various limiting cases the "Ising-like" Eq.(1.4) contains the previous models associ-

ated with DNA force-extension.

e Protein Folding Problem

The "protein-folding problem" refers to the task of determining the three-dimensional
structure of a protein from its sequence of amino acids. Mapping a one-dimensional
sequence to a three-dimensional structure seems intractable enough, but further com-
plicating the problem are the many strange properties of folded proteins. By the
1980s, proteins were known to fold completely or not at all which suggested that
folding was akin to a first-order phase transition (Go, 1983). Proteins were also
known to fold on very different time scales varying across protein species from 1ms
to 100s. And the longer times for folding were believed to be due to the system

passing through many free-energy local minima (Paine and Scheraga, 1985).

Many of these protein-folding properties are shared by spin glasses. A spin glass is
a model of spins much like the Ising model except, instead of having a fixed inter-
action parameter for all spins, the interaction parameter is drawn from a specified
distribution. In 1987, theoretical spin glasses, like real proteins, were known to ex-
hibit first-order phase transitions, long relaxation time scales and many local min-
ima. Pursuing the analogy between these two disparate systems, Bryngelson and
Wolynes transferred much of the then current spin-glass formalism to describe the

phase properties of proteins (Bryngelson and Wolynes, 1987).

Their main inspiration was Derrida’s analysis of the spin-glass version of the infinite-

range Ising model (Derrida, 1980). The energy function for the model is

Espin—glass = - Z ]il,...,iro'il c Oy (15)

i <y

where J;, ; are coupling constants drawn from a Gaussian distribution with mean 0
and standard deviation r!/ N"~. Motivated by Derrida’s extrapolation of Eq.(1.5) to

a more general model written in terms of energy, Bryngelson and Wolynes showed
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Ising Model

N=1 N
E({o) = —J ) o011 —h ), 0;

i=1 i=1

Physical Problem Associated Model

Helix-Random Coil

Structure Zimm-Bragg Model (1959)

N-1

N
- _,n.%\m\%\ _____ Ehe|ix-coi|({"i}) =- akBTz 0, — 7kBTZ 0i0i+1>

i=1 i=1

DNA-Force Extension Discrete-Persistent Chain (2003)

L _
—_ . N kBTN o
O 7V Eppc({th) = —f?sz : ti_A7 Zti b,

i=1 i=1
Protein Folding Random Energy Model (1980, 1987)

EgemUod == Y T, .00,

<,

FIGURE 1.2: Many of the famous exactly-solved models in the physics of biomolecules have

been inspired by the Ising model Eq.(1.1). In this thesis, we hope to introduce a new inspi-

rational model into the study of exactly-solved biophysics models, one grounded in a state

space of permutations (and other combinatorial sets) rather than a state space of indepen-
dent spins.

how the primary, secondary, and tertiary-energy distributions of an amino acid se-
quence could lead to the "glassy" properties of protein folding. The resulting analysis
produced a qualitative phase diagram for protein folding and solidified a new lan-

guage and metaphor for describing the associated problem Stein, 1992.

1.2.2 Concluding Remarks

From the above list, we see that many of the famous models comprising the intersection

of exactly-solved statistical mechanics and biomolecules are Ising-like in that microstates

10
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are defined by a list of independent "spin-sites" with a Hamiltonian consisting of local
interactions between the spins (Fig. 1.2). The Ising model was useful for the purposes
of modeling helix-coil transitions, computing force-extension curves, and understanding
theoretical properties of protein folding. However, the Ising-model as metaphor and the-
oretical construct inevitably limits the types of problems physicists seek to solve as well
as the chosen methods of solution. In particular, using the Ising-model as a theoretical
motivation only works if the space of states for each degree of freedom in the system is
independent of the spaces for the other degrees of freedom.

For some biomolecules systems, like the dimer system we will discuss in Chapter 4,
the degrees of freedom are not independent since a particle interacting in one way limits
the interaction possibilities of other particles. More specifically, in such systems, the mi-
crostates are related combinatorially. An objective of this thesis is to introduce a different
type of model into theoretical biophysics, one which can handle problems in which the
microstates of a system better resemble the elements of a combinatorial set rather than a
list of independent spin-states. The ultimate hope is to provide a new metaphor for un-
derstanding biomolecular systems which are different, but no less important, than those

documented above.
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Chapter 2

From Protein Design to the

Symmetric Group

“..I suppose the justification for studying these lattice models is very simple: they are

relevant and they can be solved, so why not do so and see what they tell us? ”

—Exactly Solved Models in Statistical Mechanics, R. J. Baxter.

2.1 Introduction

Chains of amino acids are important components of biological cells, and for such chains
the specific ordering of the amino acids is often so fundamental to the resulting function
and stability of the folded chain that if major deviations from the correct ordering were to
occur, the final chain could fail to perform its requisite function within the cell, proving
fatal to the organism.

More specifically, we see the relevance of correct ordering in the study of protein struc-
ture, which is often divided into the protein folding and protein design problem. While the
protein folding problem concerns finding the three-dimensional structure associated with
a given amino acid sequence, the protein design problem (also termed the inverse-folding
problem; see Fig. 2.1) concerns finding the correct amino acid sequence associated with a

given protein structure.

12
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Protein Design

e
‘ +++-A-R-G-L-H----
Protein Folding
3D Structure Sequence

FIGURE 2.1: Folding vs. Design (or Inverse Folding) problems: The protein folding prob-

lem is concerned with determining the three dimensional structure produced by a particular

sequence of amino acids. The protein design problem (which motivates the current work)

is concerned with finding the sequence(s) of amino acids which yield a given three dimen-

sional polypeptide structure. A number of approaches to the design problem are given in
(Shakhnovich, 1998)

An aspect of one solution to the protein design problem is to maximize the energy
difference between the low-energy folded native structure and the higher energy mis-
folded/denatured structures. In doing so, one takes native structure as fixed and then
determines the sequence yielding the minimum energy, under the assumption (termed the
"fixed amino-acid composition" assumption) that only certain quantities of amino-acids
appear in the chain (Morrissey and Shakhnovich, 1996). In this resolution (specifically
termed heteropolymer models (Shakhnovich and Gutin, 1993b; Shakhnovich and Gutin,
1993a)) the correct amino acid sequence is found by implementing an MC algorithm in se-
quence space given a certain fixed amino acid composition. This entails assuming the num-
ber of various types of amino acids does not change, and distinct states in sequence space
are permutations of one another. For example, for a polypeptide chain with N residues,
rather than searching over the entire sequence space (of size 20V), one searches over a
space of sequences (of size N!/nq!ny! ... nz9!) which are defined by a fixed number of each
amino acid.

This aspect of the protein design problem alerts one to a gap in the statistical mechanics
literature. Namely, there do not seem to be any simple and analytically soluble statistical
mechanics models where the space of states is defined by permutations of a list of compo-

nents.

13
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We can take steps toward constructing such a model by considering reasonable gen-
eral properties it should have. If we assume there was a specific sequence of compo-
nents which defined the lowest energy sequence and was thermodynamically stable in
the model, then deviations from this sequence would be less stable. Because of the role se-
quences of molecules play in biological systems, it is worth asking what features we expect
such sequences to have from the perspective of modeling in statistical mechanics.

In Sec. 2.2 we introduce the model, and compute an exact partition function which dis-
plays what we term “quasi"-phase transitions—a transition in which the sequence of low-
est energy becomes entropically disfavored above a certain temperature. In Sec. 2.3, we ex-
tend the previous model by adding a quadratic mean field interaction term and show that
the resulting system displays two transition temperatures, a triple point, and a quadruple
point. In Sec. 2.4, we discuss various ways we can extend this model in theoretical or more

phenomenological directions.

2.2 System and Partition Function

Our larger goal is to study equilibrium thermodynamics for a system defined by permu-
tations of a set of N components where each unique permutation is defined by a specific
energy. In general, we should consider the case where the set of N components consists
of L types of components for which if 7 is the number of repeated components of type
k, then Z,Ezl ny = N. For simplicity, however, we will take n; = 1 for all k so that each
component is of a unique type and L = N.

To study the equilibrium thermodynamics of such a system with a fixed N at a fixed
temperature T, we need to compute its partition function. For example, for a sequence
with N components (with no components repeated), there are N! microstates the system
can occupy and assuming we label each statek = 1,..., N! — 1, N!, and associate an energy

€x with each state, then the partition function would be

N!
Z=Y ebx, 2.1)
k=1
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where €, for each state k could be reasoned from a more precise microscopic theory of how
the components interact with one another. Phenomenologically, Eq.(2.1) would be the most
precise way to construct a model to study the equilibrium properties of permutations, but
because it bears no clear mathematical structure, it is unenlightening from a theoretical
perspective.

Instead we will postulate a less precise, but theoretically more interesting model. For
most ordered chains in biological cells, there is a single sequence of components which
is the “correct” sequence for a particular macrostructure. Deviations from this correct se-
quence are often disfavored because they form less stable macrostructures or they fail to
perform the original function of the “correct” sequence. With the general properties of such
sequences in mind, we will abstractly represent our system as consisting of N sites which
are filled with particular coordinate values denoted by wy. That is, we have an arbitrary

but fixed coordinate vector & expressed in component form as
0= (w1,...,wN). (22)

We will take the collection of components {wy } as intrinsic to our system, and thus take the
state space of our system to be the set of all the vectors whose ordering of components can
be obtained by permuting the components of @, i.e., all permutations of wj,...,wy. We
represent an arbitrary state in this state space as 6 = (01,...,0n), where the 6; are drawn
without repeat from {wy }. Formally, we would say our space of states is isomorphic to the

symmetric group on @ (Dixon and Mortimer, 1996). We will thus denote our state space as
Sym(w) := Set of All Permutations of (wj, ..., wN). (2.3)

and then an arbitrary state 6 is just an element element of this set.
As a first formulation of the model, we will take 6, = @ (the correct sequence) to
represent the zero energy state in the system, and for each component 60; of an arbitrary

vector 6 which differs from the corresponding component w; in @, there is an energy cost
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of A; > 0. The Hamiltonian is then

N
Hn({6:}) = Y AiTo, 20,0 (2.4)

i=1

where 6; and w; are components of vectors § and @ respectively, and I is defined by

1 if Aistrue
Iy = . (2.5)
0 if Aisfalse

We note that although we label our general state as 0 = (61,...,6n), the components
01, ...,0N can only take on mutually-exclusive values from the set {wy}.
We want to explore the equilibrium thermodynamics of a system with a Hamiltonian

of Eq.(2.4). This amounts to calculating the partition function

ZN({BAiY) = ) exp <—l3i/\i Ie,-;éw,-) , (2.6)
6 e Sym(w) =1
where Sym(w) is again the set of all permutations of the components of (wj, ..., wN).
To find a closed form expression for the partition function, we group terms in Eq.(2.6)
according to the number of ways to completely reorder j components in @ while keeping
the remaining components fixed. Each such reordering (i.e., each value of j) is associated
with a sum over products of e~#" terms with j factors of e~ (for various i) in each term.
The total partition function is a sum of all such reorderings for all js from 0 to N. As can

be seen from a direct expansion of Eq.(2.6), we have
N
Zn({BAi}) = ) _d;TT; (6_%,...,6_’%’) , 2.7)
j=0

where dj, termed the number of derangements of a list of j (Chuan-Chong and Khee-
Meng, 1992), is the number of ways to completely reorder a list of j elements. The quantity
IT;(x1,...,xN), termed the jth elementary symmetric polynomial on # (Borwein and Erdé-

lyi, 2012), is the sum of all ways to multiply j elements out of the N term set {x1, ..., xn}.
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For example, ITy(x1, X2, x3) = x1X2 + X2X3 + x3x1. By definition

1 de

Hk(xl,...,xN) = E [qun(l—FE]X,) (28)
: i=1

9=0

Derangements are often written as series expressions but we can use the definition of the

Gamma function to write them as integrals. By definition (Weisstein, 2002c)), d; is

dj = ]Z(—l)"(,]) (j =K (2.9)

k=0
Writing (j — k)! as [~ dse™®s/F, we find that Eq.(2.9) becomes

d; = /000 dse (s —1). (2.10)

Substituting this result into Eq.(2.7), we then find

N

ZN({BAi}) = /Ooo dte™* Z(s — 1)]' 11 (e_ﬁ/\ll B .,e_ﬁAN>
=0
) S]N o,
:/0 dse g[l+(s—1)e z}/ 2.11)

which is the desired closed-form expression for the partition function of this system.

With Eq.(2.11), the problem of abstractly studying a thermal system of permutations
with Hamiltonian Eq.(2.4) is, from the perspective of equilibrium statistical mechanics,
now complete. However, there are still some physical and theoretical results which can
be teased from this formalism. Specifically, we can ask whether this system exhibits phase
transitions. To answer this question, it would prove more analytically tractable to take

A; = Ag for all i. With this condition, we employ the identity
N elements

e e .
(e Pl ... e Pho) = <I;’ > e 1P, (2.12)
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and our partition function, Eq.(2.7), simplifies to

ZN<ﬁ)L0> = Z (] >dje]ﬁA0 (2.13)
=0

- /w dse™ (1 +(s— 1)e—5A0)N, (2.14)
0

where we transformed our Hamiltonian as Hx({6;}) — H(j) = Aoj with j, defined as
N
i=) Iotw (2.15)
i=1

the number of components of 6 which are not equal to the corresponding component in
@. We call j the number of incorrect components of 6, and if j = N we say 6 is completely
disordered. For future reference we define the coefficient of e=PA/ in Eq.(2.13) as gn(j) so

that

an (i) = <Z]V> d;. 2.16)

and the partition function can be written as
N .
Zn(Bro) = )_ gn(j)e P (2.17)
j=0

The quantity gn/(j) is the number of ways to reorder a list of N elements so that j elements
are no longer in their original position. This combinatorial definition of gxn(j) will prove
useful when we explore the phase behavior of more complex models of permutations.
From the form of Eq.(2.13), it is clear that, physically, its associated Hamiltonian is not
realistic as it places distinct permutations (which in any true physical system most likely
have quite different energy properties) in the same degenerate energy state. Still, from a
theoretical perspective, the simplicity of this model makes it a suitable starting point for

studying the general properties of systems of permutations.
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2.2.1 Phase-like Behavior of “Non-Interacting" System

We can investigate the phase-like behavior of the system defined by the Hamiltonian
Eq.(2.4) (for constant A; across i), by applying steepest descent (Kardar, 2007a) to Eq.(2.14)
in the N > 1 limit. Performing the steepest descent approximation, solving for the critical
value of s, and re-substituting it into the result, we find the approximate free energy of the

system is
BF = —InZy(BAo) ~ NBAg — (eﬁ)‘o ~N- 1) + Fy(N), (2.18)

where Foy(N) ~ NInN is a Ag independent term. Noting that (j) = —dInZy/9(BAg) =
dBF/9(BAo), we find the average number of incorrect components satisfies the following
equation of state:

(j) =~ N — P, (2.19)

By Eq.(2.15), we can infer that (j) must be greater than or equal to 0. However, the right-
hand-side of Eq.(2.19) exhibits no such explicit constraint. Thus we can infer there is a

phase-like transition in our system at the temperature

Ao

Below this temperature, we must have (j) ~ 0 and thus the “correct permutation" has
the lowest free energy and is thermodynamically favored; above this temperature, (j) >
0 and the system is in a disordered phase where the previous lowest energy “correct-
permutation" is energetically disfavored.

Interestingly, this transition arises from the naively non-interacting Hamiltonian

N
HN({0:}) = Ao} To 2o, (2.21)

i=1

We say “naively non-interacting" because Eq.(2.21) consists of a sum over linear functions
of a single index i, and thus does not suggest any coupling between terms of differing

index. However, statistical mechanics tells us that the energy of a system isn’t the only
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thing which determines the thermodynamic behavior of a system. Indeed we have to
consider entropic contributions as well, and in this system the entropy (as it is a function
of j) can drive thermodynamic behavior. In other words, although the Hamiltonian is

depicted as non-interacting and can set-theoretically be represented as
/Hsystem =H1OH2D--- DHN, (222)

our system really exhibits interactions between components because our total space of

states S cannot be factorized:
Ssystem 3& Sl X 82 ®...&Q SN. (223)

Thus the “non-interacting” system exhibits a transition at Eq.(2.20) due to the coupled
nature of the state space. As discussed in the subsequent section, we term this transition a
“quasi-phase transition" because it does not bear all of the standard properties we expect

in phase transitions.

Not a True Phase Transition

We claim the system does not exhibit true phase transition behavior because many of these
results are not consistent with the traditional thermodynamic definition of phase transi-
tions. For one, phase transitions are associated with divergences in the derivatives of the
free energy, but there is no divergence in the free energy associated with the partition func-
tion Eq.(2.14) for possible parameter values. Also, the result Eq.(2.19) only naively makes
(j)’s temperature dependence near (j) = 0 appear non-differentiable. Apparently, since
Eq.(2.19) requires that (j) = 0 for T < T., we have that 9(j) /9B goes from 0 to ef-' at
Bc = 1/kgT.. However, Eq.(2.19) arises from the steepest descent approximation, and
the non-approximated partition function Eq.(2.14) and its derivatives are actually differen-
tiable over their entire domain.

Finally, with Eq.(2.13) we can define a Landau free energy F(j) for this system accord-

ingtoZ =} e PF(), and what we may ordinarily label as a phase transition (i.e., going

20



Chapter 2. From Protein Design to the Symmetric Group
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FIGURE 2.2: Free energy for “Non-Interacting Model": For Ag > 0, the Landau free energy of
the system as a function of j, the number of incorrect components in 6, is always convex with
a single global minimum. Because j > 0, the j < 0 domain of each plot (dashed section) is
inaccessible. For sufficiently low temperatures, the minimum is at j = 0, but as we increase
the temperature beyond Eq.(2.20), the free energy curve moves to the right (but retains its
functional form) and the new minimum is at a j > 0 value. Actual plots of F(j) for j < 0

require us to replace the combinatorial term (I;’ )d; with its corresponding gamma function
expression.

from (j) = 0 to (j) # 0) arises, not from changes in the functional form of the Landau free
energy as we see in real phase transitions, but from changes in the excluded region of the
Landau free energy (See Fig. 2.2). Because the functional form of the free energy remains
the same we observe no true phase transition.

Alternatively, a heuristic argument for the non-existence of phase transitions in our
permutation model is mathematically very similar to the Landau argument (Landau, Lif-
shitz, and Pitaevskii, 1980) for the non-existence of transitions in 1d Ising Models. For our
permutation system with N lattice sites, the state of zero energy and zero entropy con-
sists of every site being occupied by its correct component. To increase the energy of this
system, we can choose j sites to contain incorrect components, thus giving us an energy
H; = Agj. The number of ways we can choose these j components is given by Eq.(2.16)
Thus, upon introducing j # 0 incorrect components, the change in the Landau free energy

of our system is

AF(j) = Aoj —kgTIn [(7) d]} ~ j(Ag —kTInN), (2.24)
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where we took these results in the 1 < j < N limit and used d; ~ j!/e. In the thermody-
namic (N — o0) limit, we find that AF(j) — —oo meaning there is no non-zero T at which
the entropic contribution becomes subdominant to the energy. Thus the system exhibits

no phase transition.

2.3 Partition Function for Interacting Model

When we first considered a model of thermal permutations, we began with a Hamiltonian
where sites did not interact with one another and each had a site-dependent energy cost

for being incorrectly occupied:

H({0:}) = 2 Ai Tg £, (2.25)

More generally, we can consider Hamiltonians with an arbitrary number of multiple-site

interaction terms. Such a Hamiltonian could be written as
1
i ij

The first term in Eq.(2.26) associates an energy cost of A; with incorrectly occupying the
component at position i. The second term models interactions between sites where the
correct (or incorrect) occupation of a single site determines the energy of another. The
exact values of A; and p;; could be chosen to ensure the “correct” state (6; = w; for all
i) is non-degenerate as in the non-interacting model. The ellipsis represent higher order
interactions in this framework. Hamiltonians such as Eq.(2.26) should be more physically
relevant as they would correspond to systems where the energy cost for deviating from
the lowest energy permutation is not simply linear but could be represented as a tensor
valued fitting function.

We can make progress in studying the thermodynamics of more general Hamiltonians
like Eq.(2.26) by first only considering first- and second-order interaction terms and taking

the interactions to be constants: A; = A; for all ; y;; = A2/N for all i,j. The factor of
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1/ N is chosen so that the second term matches the extensive scaling of the first term. The

partition function for such parameter selections is then

N
ZN(,B}/\LAZ) = Z exp (—ﬁ)\l Z 191.75(,_;{ - gN Z IB #w,IG #w/> ’ (227)
(w) i=1

g e Sym(w ij=1

where A1 and A, are interaction parameters with units of energy. We can also write this

partition function in the Eq.(2.15) basis as
N(BiAM, A2) = 2 gn(j (2.28)
where gn(j) is defined in Eq.(2.16) and

A2
E() = Mj+ 55

N 7 (2.29)

is the energy function for the system.

2.3.1 Calculating Order Parameter

Our goal is to analyze the “quasi"-phase behavior of this system in a way analogous to our
analysis for the non-interacting system. To do so we begin with the Landau free energy

function

Fn(j, B) = 1]+ Ao ] —BlngN(]) (2.30)

Alternative starting points for this derivation are presented in Appendix A.1. Our system
is constitutively discrete, so it is not precisely correct to discuss our free energy in the
language of analysis, but given our expression for Eq.(2.16) we can map this system to a
continuous one which bears the same thermodynamic properties and for which analysis is
appropriate. Specifically, if we take j to be continuous and use the identity I'(x + 1) = x!

and d; = I'(j + 1, —1) /e where the incomplete Gamma function I'(x, a) is defined as

I'(x,a) :/ dte tH1 (2.31)
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then we can write

N T(N+1) r(j+1,-1)
gn(j) = E NS ; , (2.32)

With the approximation I'(j + 1, —1) ~ I'(j 4+ 1) and the substitution Eq.(2.32), Eq.(2.30)
then becomes

FuiB) = j+ 5+ FIT(N = 1) +fo 239

where we defined our approximated free energy as fn/(j, B) and collected the j independent
constants into fop. Now Eq.(2.33) is fully continuous and amenable to analysis. To find
the thermodynamic equilibrium of this system, we need to find the value of j for which

9fn(j, B)/9j = 0and d?fn(j, B)/9j> > 0. For the first condition we have

S A1 .
5i/WU.B) = A+ i YN =j+1)=0. (2.34)

As an asymptotic series, we have
Po(x) ~In(x —1/2), (2.35)

as can be affirmed by Taylor expansion ¢p(x) = Inx + 1/2x + O(x~2) (Weisstein, 2002b).
Applying the approximation Eq.(2.35) to Eq.(2.34), and setting the result to be valid for the

equilibrium value j = j, we then find the constraint

PRI/N — _o=PM (N -1/2), (2.36)
which has the solution
j 1 PA2 pri+pa 1
—1— — W [ B2ZBM+BA — 2.37
N 5 MW( N e + O N (2.37)

where W is the (branch unspecified) Lambert W function (Weisstein, 2002d), defined by

W(xe*) = x. (2.38)
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To specify the branch of the W which corresponds to a stable equilibrium we compute the

second derivative of our free energy at this derived critical point. Doing so yields

- L1 Y _ A 1
sz(] j. B) =~ < ﬁl—j/N) =% <1+ W(ﬁyemﬁ%)) L (239)

Thus Eq.(2.37) (for A, > 0) yields a free energy minimum for
W <%2e%+%) > —1, (2.40)

and yields a maximum for the inverse condition. This amounts to stating that the stable
equilibrium for j is defined by the principal branch of the Lambert W function where W =
Wy > —1, and the unstable equilibrium for j is defined by the negative branch where
W=W_ < -1

Thus, the order parameter for this system is

]N —1- mw (ﬁ;‘f f“lﬂ%) +O <i]> (2.41)

We note that taking A, — 0 and using W(x) = x + O(x?) for |x| < 1 returns us to the
non-interacting result Eq.(2.19).
For completeness, we define the value of j which yields a free energy maximum asj_;

it is related to Eq.(2.41) by replacing the principal branch function Wy with W_;.

2.3.2 Discussion of Parameter Space

In the previous section, we found that the order parameter for this system was given by
Eq.(2.41). We noted that this solution represented a local minimum of the free energy
as long as the Lambert W function satisfied W = Wy > —1. Thus when this condition
is violated, j, is no longer a valid stable equilibrium, and our system has undergone a
“quasi"-phase transition or simply a transition.

Moreover, our values of j are bounded below by j = 0 and bounded above by j =

N, neither conditions of which are naturally constrained by Eq.(2.41). Thus these two
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FIGURE 2.3: Possible functional forms of Eq.(2.33): We note that the stabilities that define the

j =0and j = N points are not thermodynamic stabilities (namely they don’t arise from the

f'(j) = 0 condition). Rather since the spectrum of j values is bounded below by 0 and above

by N, owing to these boundary conditions the system can become trapped in ordinarily

unstable parts of the free energy curve. The colors match the color of the associated region
of parameter space in Fig. 2.4.

conditions are associated with two other transitions. In all, then, there are three conditions
which define the quasi-phase boundaries in this system.

While there are three conditions which define transitions in this system, there are in fact
tive distinct regimes of parameter space. We can obtain a qualitative sense of these regimes
by creating schematic plots of the free energy Eq.(2.33) for various parameter values of A;
and A;. The possible plots can be placed into five categories according to the plot’s stable
or metastable j values. We depict these possible plots in Fig. 2.3. We note that only the free
energy plots with valid values of j, contain what we normally consider a thermodynamic
equilibrium; the other plots have “stable" values of j arising only from the j = 0 and/or
j = N boundary conditions.

Qualitatively, we can name the states according to the sequence space to which their
equilibrium values of j correspond. We know for j = 0, our system is in a state with zero
incorrect components in § and hence the system is “perfectly ordered" or just "ordered".
Conversely for j = N our system has N incorrect components and hence the system is

“completely disordered" or just “disordered". The in-between case of j = j where 0 < j <
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N can be given the related label of “partially-ordered". Thus, the regime names associated

with our possible values of the order parameters are

e Ordered Regime (j = 0 stable): Neither j, nor j_, exist; f(N, ) > 0.

Disordered Regime (j = N stable) : Neither j, nor j_; exist; f(N, ) <O0.

Partially-Ordered Regime (j = j, stable): Only j, exists.

Order and Disorder Metastable Regime (j = 0 and j = N stable): Only j , exists.

Order and Partial-Order Metastable Regime (j = 0 and j = j, stable) : Both j, and
j_q exist.
We note that it seems to be a fundamental feature (or a lack of one) of this system, that the

free energy Eq.(2.33) does not admit a metastability between partial-order and disorder.

2.3.3 Monte-Carlo Generated Parameter Space

With these regime definitions, we can depict the parameter space graphically. In Fig. 2.3
we showed the possible forms of the free energy for this system where each was catego-
rized according to the existence of the local minimum critical point j,, the existence of the
local maximum critical point j_;, and the sign of the quantity fy(j, 8). We can extrapolate
this categorization to A; — A, parameter space, by determining which regions of param-
eter space correspond to specific plots in Eq.(2.33). Doing so through the Monte Carlo
procedure described in Appendix A.2, we generated 10,000 points of the parameter space
diagram in Fig. 2.4 for B set to 1. We note that the parameter space exhibits five regimes
separated by three lines cited in Table 2.1 each of which correspond to the three condi-
tions mentioned at the beginning of this section. These lines can be derived analytically
(as shown in Appendix A.3) by considering the conditions in turn and which regimes they

serve to connect.

2.3.4 Triple and Quadruple Points and Transition Temperatures

From Fig. 2.4 we see that our system is characterized by two points where there is a coexis-

tence between multiple regimes. Given that W_;(—e~!) = —1, we have that the Ordered,

27



Chapter 2. From Protein Design to the Symmetric Group
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Disordered [:*

| Order-Partial-Order
Metastability
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FIGURE 2.4: The A; — A, Parameter Space for Interacting Mean Field System: We set § = 1

and N = 100. We followed the Monte Carlo procedure outlined in the notes for 10,000

points. In the figure we also denoted the analytic lines (i.e., Eq.(A.36), Eq.(A.40), and

Eq.(A.43)) which define the separation between the phases. The colors correspond to the
colors of the free energy curve in Fig. 2.3.

Partially-Ordered, and Order-Partially-Ordered Metastability coexistence point is charac-
terized by the condition
AM=InN/B and A, =-1/B. (2.42)

These conditions characterize the system’s triple point.
Similarly, for N > 1, the Partially-Ordered, Disordered, Order-Partially-Ordered Metasta-

bility, and Order-Disorder Metastability coexistence point is characterized by the condition

A =InN/B~ —A,. (2.43)

This condition characterizes the quadruple point of the system.

Fig. 2.4 also depicts the possible regimes of our system for a given temperature and
various Hamiltonian parameters A; and A,. More physically, we may be interested in
knowing what are the “quasi” phase properties of a system with a fixed A; and A, and a
variable temperature. That is, what are the temperatures which define the various transi-

tions between regimes in the system?

28



Chapter 2. From Protein Design to the Symmetric Group

TABLE 2.1: Functions defining boundaries between parameter regimes.

Regime Transition Boundary in Parameter Space
Order /Partial-Order A =InN
Order/Order-Partial- By = W_4 [—(N / e)e_ﬁ)‘l]
Order Metastability

. _ BPM
Order/Disorder BAr = T-1/N

An arbitrary permutation system for a fixed N and at a variable temperature is char-
acterized by a specific energy function Eq.(2.29). Such a system is therefore defined by a
specific A; and Ay, and the system can be associated with a particular point (and hence
region) in the parameter space of Fig. 2.4. As we vary the temperature of this system, the
temperature dependent regime-coexistence lines change and if they change in such a way
as to extend the region of a regime to newly encompass our original point then our system
has undergone a transition. In this way, we can define the temperatures which characterize
various possible transitions of this system.

First, from Fig. 2.4 and Eq.(A.43) we note the regime-coexistence line between the
partially-ordered and disordered regime is independent of temperature, and so there is no
critical temperature defining a partial-order to disorder transition.

From Eq.(A.36), we can infer that the partial-order to order transition is characterized
by moving below the temperature

A

kBTcl — m

(2.44)

Contingent on which region of parameter space the system lies, this temperature also char-
acterizes the disorder to order-disorder metastability transition and the partial-order to
order-partial-order metastability transition.

And from Eq.(A.39), we can solve for the associated transition temperature given fixed

A1 and A, to find

kpTez = (A1 + A2) [Wo <—e)\1\]2(/\1 + /\z)ﬂ B (2.45)
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where this expression is only relevant for —A; < Ay < 0and A1 > kgT In N. Moving above

this temperature leads to the order to order-partial-order metastability transition.

2.4 Discussion

In this work, motivated by an abstraction of a foundational problem in protein design, we
posited and analyzed the basic properties of a statistical physics model of permutations.
Formally, we considered a simple statistical physics model where the space of states for
N lattice sites was isomorphic to the symmetric group of degree N (Dixon and Mortimer,
1996), and where the energy of each permutation was a function of how much the permu-
tation deviates from the identity permutation.

In this model, we found that due to a state space which could not be factorized in
a basis defined by lattice sites, even the superficially non-interacting system can exhibit
phase-like transitions, i.e., temperature dependent changes in the value of the order pa-
rameter which do note exhibit the properties typically associated which phase transitions
in infinite systems. When interactions are introduced through a quadratic mean field term,
the system is capable of exhibiting five regimes of thermal behavior, and is characterized
by two transition-temperatures corresponding to various quasi-phase transitions.

The introduced model provides us with a basic exactly soluble system for certain inter-
action assumptions and thus provides a concrete model-based understanding of a system
with a non-factorizable state space. Because of its utility and the type of results obtained,
the model deserves to be subject to the standard extensions of typical canonical models
in statistical mechanics. In particular we hope to extend it to non-trivial site dependent
interactions. For example, a nearest neighbor interaction Hamiltonian of the kind which

characterize the Ising Model,

N
%({91}) =1 Z Ip o, I9i+175wi+1' (2.46)
i=1

would be an alternative physical extreme to the mean-field interactions considered in Sec-

tion 2.3.
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We could also consider a generalized chain of components where the interactions be-
tween sites or the cost for an incorrectly filled site is not constant but is drawn from a
distribution of values. Such a system of quenched disorder would characterize a permu-
tation glass which may contain interesting results due to the unique nature of the state
space.

Supposing it is possible to define more interesting interactions models, a natural inves-
tigation would concern the renormalization group properties of the system. Specifically,
we would be interested in how would one sum over specific states (as characteristic of a

renormalization group transformation) when the state space of a system looks like,
N
Ssystem = H ® S; (2-47)
i=1

i.e., is not factorizable along lattice sites.
Finally, to connect this model of permutations to problems more relevant to protein
design it would prove necessary to incorporate the possibility of repeated components or

the background geometry of a lattice chain.
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Permutation Glass

Al

“’Order and disorder’, said the speaker, ‘they each have their beauty.

—Speaker for the Dead, Orson Scott Card.

3.1 Introduction

In statistical physics, spin glasses exist as archetypical models of disorder due both to
their solubility and to the fact that they lend intuition to systems outside of physics which
nonetheless exhibit properties common to many spin glasses. Soon after the first spin glass
models were solved, physicists sought to apply the lessons of frustration, quenched dis-
order, and multiple equilibria to biological systems like neural networks (Hopfield, 1982;
Hopfield, 1984) and proteins (Bryngelson and Wolynes, 1987). But because biological sys-
tems integrate structure, function, and dynamics in ways not mirrored by any canonical
model of physics, the utility of these spin glass models existed not in providing detailed
predictions about biology but in supplying a quantitative framework in which to develop
new ways of understanding and describing biological problems (Stein, 1992) .

In a previous work (Williams, 2017), we moved in the opposite direction: Rather than
using our understanding of physics to develop new questions about biology, we used a
biological question to motivate the inquiry into a physical system. Motivated by a compu-

tational examination of the protein design problem (Shakhnovich, 1998), we considered a
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statistical physics model of permutations in which the state space was isomorphic to the
symmetric group. Significantly, the model’s motivation came, not from a physical system,
but from a Monte Carlo study of a problem of biochemistry, and to establish intuition for
it we considered lattice models where the energy costs were uniform across the system.
But even with this simple assumption, the resulting permutation model had interesting
thermal behavior because the non-factorizable nature of the state space conferred entropic
disorder to a system which was nominally non-interacting. Thus the system exhibited
thermal transitions among units which were coupled through state space even though
they were not coupled in the Hamiltonian.

In this paper, we connect our study of the statistical physics of the symmetric group
to disordered systems by considering the properties of a system with a state space of per-
mutations and a quenched distribution of energy parameters. Given the unique nature of
the state space and the solubility of the non-disordered analog, such a permutation glass'
offers opportunities to explore the relationship between equilibria and disorder in simple
exactly soluble physical systems.

In Sec. 3.2 of this paper, we discuss the original permutation model, provide schematic
depictions of the systems to which it applies, and derive equations defining the thermal
equilibrium of the permutation glass. In Sec. 3.3 we consider the permutation glass for
various distributions of energy costs and derive transition temperatures for each case not-
ing their overall consistency with the general result that k3T, < A/In N, where A is the
mean of the energy-cost distribution and N is the number of components in the system.
That is, the transition temperature of a permutation glass is always less than the transi-
tion temperature of the non-disordered system with energy cost given by A. In Sec. 3.4
we compare the computed transition temperatures and a general expression for the order
parameter of the permutation glass to results from simulations. In Sec. 3.5 we derive a
distribution-independent result requiring that the “completely correct" state can only be a

thermodynamic equilibrium of the system if Py < 1/N where P, . is the probability that

IThe phrase “permutation glass” seems to have first been used in (Collins, 2014) in a context different from
that in this chapter. In that first use, the phrase referred to systems with a single ground state and with N!
degenerate low-energy microstates.
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FIGURE 3.1: The permutation graph depiction of four microstates in a permutation system

with N = 15. In each graph, j is equivalent to the number of diagonal lines in the permuta-

tion graph. The number of “correct” connections are shown as vertical lines. If we associate

a Boltzmann factor e A with each bottom slot k which is not connected to its corresponding

top slot, multiply all Boltzmann factors for a graph, and then sum over all possible permu-
tation graphs weighted by their net Boltzmann factor, we obtain Eq.(3.3).

an incorrectly-ordered component is energetically favored. In Sec. 3.6 we use our derived
results to define a glassy regime which cannot be found in the non-disordered system. In
Sec. 3.7 we conclude by discussing ways to extend this simple model of a permutation
glass to more complicated models that could exhibit replica symmetry breaking, and we

present an analogy between this system and a system of fermions.

3.2 Equilibrium of Permutation Glass

In the statistical physics of permutations presented in (Williams, 2017), we considered a
state space defined by a list of N unique components (w1, ws, ..., wy). Taking the states of
the system to be the various N! orderings of the components, and defining the zero-energy
state as the state where the components are in the order (wy, w», ..., wn), we can postulate
a simple Hamiltonian in which there is an energy cost Ay for each state where wy is not in

the position given by its zero-energy ordering;:

N
Hn({6:}) = Y Ailo 2wy 3.1)
i=1

where [4 = 1if Aistrue and I4 =0 otherwise, and (61,63, ...,0N) € perm(wq,wy, ..., wWN).
We term the state § = @ the “completely correct state," and we say component k of 6 is “in-

correctly ordered" if it is not equal to wy. The order parameter of our system is Y ; (I, ;)
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FIGURE 3.2: “Matching problem" depiction of a j = 10 microstate for a 2N = 30 permutation

system. The spatial location of each pair is not important in determining the energy of the

state. For this state, the matching pairs are 3, 6, 11, 14, and 15. If we associate a Boltzmann

factor e P with each shaded circle k which is not paired with the corresponding unshaded

circle k, multiply all Boltzmann factors for all pairings within a state, and sum over all possi-

ble pairings weighted by the net Boltzmann factor for each collection of pairings, we obtain
Eq.(3.3).

the average number of incorrectly ordered components of 0. We denote this average more
succinctly as (j).

We can depict the various microstates of this system as a permutation graph, shown in
Fig. 3.1 for the case N = 15. In each graph, whenever there is not a line connecting a lattice
site k to its vertical complement, the system gains a Boltzmann factor e~#*. The parameter
j is defined as the number of diagonal lines, and when j = 0 we say the system is in the
completely correct state.

Beyond a straightforward permutation interpretation of this model, there is an alterna-
tive (but formally equivalent) system which is defined by the Hamiltonian Eq.(3.1). Con-
sider a collection of 2N subunits which only exist in N labeled pairs where each pair con-
sists of a black subunit and a white subunit, e.g., (B1, W1), (B2, W2), ... (Ban, Wan). The
various microstates of the system (an example of which is shown in Fig. 3.2) are defined
as the various ways the pairings could be arranged while ensuring that each pair has one
black and one white subunit. If we associate an energy cost A, with any pairing where
By is not paired with its associated Wy, then the statistical physics of the system would
be identical to the statistical physics of the permutation model governed by Eq.(3.1). This
amounts to the statistical physics of the “matching hat" problem (Blitzstein and Hwang,
2014).

In (Williams, 2017), we found that the statistical physics of such simple systems was
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quite interesting because even though their properties were governed by the Hamilto-
nian Eq.(3.1) in which distinct lattice sites did not interact, we could still have qualitative
thermodynamically-driven changes in the properties of our system due to the nature of
the state space. More quantitatively, for the system defined by the non-interacting Hamil-
tonian Eq.(3.1) with the global energy cost A; = Ay for all i, we can show (Appendix B.1)
that the correlation between the incorrectness of two sites i and k (with i # k) is

1 e\ 2
al?ng_1<N>, (3.2)

for BAg < In N. Thus, as the temperature of our system decreases, the likelihood that com-
ponent i is incorrectly ordered given that k is incorrectly ordered increases. Therefore, the
sites are correlated in spite of the non-interacting Hamiltonian. For systems with corre-
lated degrees of freedom, introducing disorder results in qualitative changes in the sys-
tem’s thermal properties. So we can naturally wonder how disorder would affect a model
in which the correlation arises at the level of the state space rather than the Hamiltonian.
We explore these ideas in a simple model of a permutation glass. We define a permu-
tation glass as a statistical physics system with a state space consisting of various permu-
tations of a list and with a Hamiltonian defined by a quenched distribution of parameter
values. In a previous model, we set A; = Ag for analytic simplicity, but now we will main-
tain our distribution of A; values. By (Williams, 2017), the partition function for the system

with Hamiltonian Eq.(3.1) is

N

Zn({BAi}) = /Ooo dse ][ [1 + (s — 1)e’5A“}. (3.3)

(=1

Applying Laplace’s method to Eq.(3.3), we can define the approximate free energy F(so)

(modulo a thermodynamically irrelevant factor) according to

ZN({BAi}) =~ exp [—BF (s0)] (3.4)
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where

N
BF(s0) =so— Y In (1 + (50 — 1)e—f~"M), (3.5)
(=1

and where sy = so(BA1, - - -, BAN) is defined by the critical point condition

N 1
—— =1 3.6
; ePr 459 —1 (36)

We note that the second derivative of the argument of Eq.(3.5) yields
N —2BA;
/! €

= , 3.7
ﬁf (50) ezzl (1 I (SO — 1)€_ﬁA[)2 ( )

which is always greater than zero. Thus any critical point solution of Eq.(3.6) is also a
stable thermal equilibrium.
Also, although Eq.(3.5) is in fact an approximation of the true free energy BF = — In Zn ({BA;}),
henceforth, we will work within our approximation and take Eq.(3.5) to be the free energy
from which all thermodynamic quantities are computed. The validity of this approxima-
tion is coarsely constrained by parameter regimes over which sy yields a stable equilibrium
for F, and, by Eq.(3.7), this stability is itself only constrained by the physical relevance of
the solutions to Eq.(3.6).
We can write Eq.(3.6) in a more physically transparent form. Noting that the average

number of incorrect components (j) is the sum of (I, ., ) over all components, we have

X JABF)\ N (sp—1)e Pt
= k:zl <8(5Ak)> B k:zl 1+ (so— 1)ePh’ (3.8)

Thus, we find

(j) = so — 1, and so Eq.(3.6) becomes

N 1

Lo " 42)

where (j) is the order parameter of our permutation system. Therefore, Eq.(3.9) defines

the equilibrium of our system given the set of energy costs {Ay}.
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3.3 Transition to the Correct Microstate

In order to find the equilibrium behavior governed by Eq.(3.9), it is useful to introduce a
specific distribution of A, values and convert Eq.(3.9) into an integral. For a sum over a
general function f(A;), where the Ay are drawn from a normalized distribution pg(A), we

can write

1 Y 0
Y F) = / dAAf(A [ Z S(A— A, ] -~ / A f(Mpo(A).  (3.10)
(=1 - —0
Thus, with each A; having the distribution pg(A), Eq.(3.9) can be written as

po(A 1
/ aA B = (3.11)

This is not the typical way we start an analysis of glassy systems. Motivated by (Sher-
rington and Kirkpatrick, 1975), the typical approach is to use the replica formalism to sim-
plify the partition function and then use a stability analysis to check the validity of the
simplification. Fortunately, as shown in Appendix B.2, the result Eq.(3.11) is consistent
with the condition for the existence of the replica symmetric ansatz of the quenched free
energy. More encouragingly, as our distribution py(A) becomes more centered around a
single value A = A1, we have pp(A) — 6(A — A1), which leads to Eq.(3.11) reproducing the
non-disordered behavior (j) ~ N — ePM found in (Williams, 2017).

Eq.(3.11) does not appear any more soluble than Eq.(3.9), but we can use it to derive a
general result characterizing one type of temperature-dependent behavior in this system:
the thermal transition from (j) # 0 to (j) = 0. Setting (j) = 0 in Eq.(3.11) for some B, we

have

/ T po(A)e Pt = % (3.12)

For a given distribution pg(A), Eq.(3.12) can be computed and then inverted to find the
temperature kgT, = 1/B. at which the permutation glass achieves the (j) = 0 state.
But even without detailed knowledge of the distribution, we can use Jensen’s inequal-

ity (Chandler, 1987) to find an upper limit on this temperature. Given that e* is convex,
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and defining f(A) = [dApo(A)f(A) we have e~P-A > e~Pe and thus by Eq.(3.12) we find

A
kpT. < N (3.13)

Eq.(3.13) states that the temperature at which the permutation glass achieves the com-
pletely correct (j) = 0 state is always less than the corresponding temperature predicted
from the permutation system in which all interaction terms have the value A; = A. In
essence, incorporating disorder into the interaction terms leads to a reduced tolerance for
thermal disorder in achieving the (j) = 0 state. Moreover, Eq.(3.13) indicates that the
(j) = 0 state is achievable only if the mean of the A distribution is positive.

We can derive an approximate expression for this transition temperature in the limit
of small disorder. By the fact that the Fourier transform of py(A) is the exponential of the

cumulant generating function (Kardar, 2007b), we find that Eq.(3.12) implies

i (_5:)”)\% +InN=0 (3.14)
n=1 :

where A", is the nth cumulant of the distribution po(A). Eq.(3.14) does not allow us to

exactly solve for B. in terms of the cumulants, but it does allow us to solve for B per-

turbatively assuming the series is dominated by the first and second cumulant. Noting

the first cumulant is the mean A, the second cumulant is the variance 0'/%, and assuming

(Bcop)? > BE(AF). for k > 2, we can approximately solve Eq.(3.14) to obtain

A 202
ﬁc=2<1— _?1nN>+~-, (3.15)
A

h

where we dropped the extraneous solution which yields f. — o as 0y — 0. Eq.(3.15)
is a general result giving the temperature at which (j) = 0 transitions to (j) # 0 (or vice-
versa) for any distribution py(A), contingent on the assumption that the cumulants of order
higher order than 2 are subdominant. In spite of its limited validity, this result affords us
some intuition into how small amounts of disorder affect the transition temperature of our

system. If we take our distribution of energy costs to be highly peaked at A with a small
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width 0, v2In N < A, we can expand Eq.(3.15) to find

TC((T/\) i _0'7/% 4,54
o~ InN+0 (a4/2"), (3.16)

where T.(0) = T.(0y = 0) = A/ InN is the transition temperature for the non-disordered
system. Consistent with Eq.(3.13), Eq.(3.16) shows that the effect of making our permuta-
tion system slightly glassy (i.e., imbuing it with nonzero ¢, ) is to lower the temperature at
which the system transitions from (j) # 0 to (j) = 0.

The qualitative explanation for this result is straightforward. Introducing disorder at
the level of interactions effectively increases the entropy of our system, and the system
then compensates for this additional entropy by making the thermal disorder limit for
achieving the (j) = 0 state more stringent. In a sense, because of the interaction disorder,
the free energy equilibrium of the system becomes less tolerant of thermal disorder. Thus,
the transition temperature, a proxy for limiting thermal disorder, is reduced. A heuristic
derivation employing this intuition and reproducing an order of magnitude estimate of
Eq.(3.16) is provided in Appendix B.3.

To generalize this result, we cannot make direct use of the expansion Eq.(3.14): Since
Eq.(3.15) and Eq.(3.16) do not apply when higher-order cumulants cannot be neglected,
a perturbative analysis is not generally useful. Therefore when higher order cumulants
are relevant, we have to calculate Eq.(3.11) analytically or numerically and then determine
how the value and existence of B, depend on the properties of the chosen p(A). In the next
section, we discuss how such properties affect B by calculating the transition temperature

for different energy-cost distributions.

3.3.1 Example distributions

The result Eq.(3.16) predicts the value of the transition temperature presuming the width
of the energy-cost distribution is small. More generally, to find the transition temperature
we would need to evaluate Eq.(3.12) exactly. We will perform this calculation by consider-
ing example distributions of py(A): a Gaussian distribution, a uniform distribution, and a

symmetric Bernoulli distribution.
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In analogy to Eq.(3.15), we will compute the transition temperature, and, additionally,
the conditions for the existence of the transition temperature for each of these distributions.
In a later section, we will show that in spite of the diversity of these conditions, they can all
be subsumed into a single inequality which places an upper limit on the probability that
our energy cost for an incorrect component is less than zero (i.e., the probability that the

energy cost is actually an energy benefit).

Gaussian distribution

We consider a Gaussian distribution. Given mean Ay and variance (Tg, we have the energy-

costs density

1
po() = ——
\/ 2703

With this distribution, we would like to use Eq.(3.11) to find a closed-form analytic ex-

g~ (A—20)?/205 (3.17)

pression for (j), but, due to the insolubility of the resulting integral, we will instead use
Eq.(3.14) to find a value for .. Because Eq.(3.17) is Gaussian, the cumulants of order higher

than 2 are zero, and Eq.(3.14) reduces to
_ L2 _
BcAo + 2‘360'/\ +InN =0. (3.18)
Therefore we find our . is exactly identical to Eq.(3.15) without the additional higher

2 2
ﬁczgg<1_,/ —;OlnN>. (3.19)
0 0

A corollary of Eq.(3.19) is that . exists and the system is able to achieve the (j) = 0 state

order terms:

only if the mean and variance of the Gaussian satisfy

M S V2N, (3.20)

0o

Eq.(3.20) indicates that as N — co and the number of incorrect microstates in the system
increases, the mean of the Gaussian distribution of energy costs must increase with N,

although sub-logarithmically so, in order for the (j) = 0 state to be achievable.
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Uniform distribution

We consider a uniform distribution with a finite domain. The distribution of A values is

defined as

1
\f for}\o—U'o\/ggAS/\o-i—O'o\@
po(A) = { 2V3% (3.21)

0 otherwise.

Eq.(3.21) defines a system in which each A; in Eq.(3.1) has a constant probability A\ /2+/30p
to be found within an energy width AA as long as this width is within the domain [Ag —
00V/3, Ao + 09 \@] The form of Eq.(3.21) was chosen so that the mean is Ag and the variance
is 03. For this distribution, we cannot compute (j) exactly given Eq.(3.11), but we can

establish an implicit condition on the existence of (j) = 0. Computing Eq.(3.12) given

Eq.(3.21), and, taking the logarithm of the result, we find the condition

sinh(ﬁcam@)

— BAg +In | POV D)
‘ ,BCO'O\/g

+InN = 0. (3.22)

We note that as op — 0 in Eq.(3.22), Bc — In N/ A, and thus this result is consistent with
the zero-disorder limit. Moreover, if we were to expand Eq.(3.22) in the limit f.0p < 1, we
would obtain a quadratic equation the solution of which matches Eq.(3.15). Considering

the large-disorder limit .oy > 1, we find that Eq.(3.22) has the solution

1 N
~ W,
pe Ao — 00V/3 ‘ <2(70\@

(Ao — m@)) ) (3.23)

where Wy(x) is the principal branch of the Lambert-W function (Weisstein, 2002d). Since
the sign of Wy matches the sign of its argument, Eq.(3.23) is always positive for valid ranges
of the distribution parameters. Thus the parameters are only constrained by the existence
of a real Wy, which is in turn constrained by the condition that its argument is greater than
or equal to —e~!. We therefore find that for Eq.(3.23) to exist (and hence for the system to
be able to achieve the (j) = 0 state), the mean and variance must satisfy

>3 (1 — 2> . (3.24)

09 Ne
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We note that Eq.(3.24), in contrast to Eq.(3.20), becomes independent of N in the N > 1
limit. Namely, as N — oo, the mean of the uniform distribution just needs to exceed a fixed

multiple of the variance in order for the (j) = 0 state to be achievable.

Symmetric Bernoulli distribution

We consider a symmetric Bernoulli distribution. The energy costs are distributed according

to

po(A) = a6(A = A1) + (1 —q)0(A + Ay), (3.25)

where g is a dimensionless number satisfying 0 < g < 1, and we take A, > 0. Concep-
tually, Eq.(3.25) defines a system in which each Ay in Eq.(3.1) has a probability g of being
A4 and a probability 1 — g of being —A_.. It is possible to solve Eq.(3.11) for (j) given the
distribution Eq.(3.25) (Appendix B.4), but here we are more concerned with the conditions
which allow for the existence of (j) = 0.

For Eq.(3.25), the conditions for the existence of a . satisfying Eq.(3.15) are
—BeA+ Bcdy — 1
ge P 4+ (1 —q)ePtr = N (3.26)

As a check, we note that taking g — 1 in Eq.(3.26) yields the solution B = InN /A, as
expected. Also, taking the logarithm of both sides of Eq.(3.26) and expanding the right
hand side to second order in . yields a quadratic equation which reproduces Eq.(3.15)
upon solution.

Eq.(3.26) can be solved exactly for .. Doing so (and dropping the solution which does

not yield a finite B, in the g — 1 limit) yields

By =In {21\1(11—(1) (1 — /1 4N2g(1 - q))] . (3.27)

It is possible to show that the argument of the logarithm in Eq.(3.27) is always greater than
1 provided N > 1. Thus, the only constraint on the existence of a real and positive S, is

the sign of the argument in the square root. Mandating the argument of the square root is
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positive semidefinite, we find the condition

1 1
q22<1+ 1_Nz>' (3.28)

where we dropped the inequality which allowed for an extraneous g = 0 solution. In the
limit N > 1, Eq.(3.28) tells us that the distribution Eq.(3.25) only yields the completely
correct (j) = 0 equilibrium if the probability of getting A = A is very close to 1.

The minimal g predicted by Eq.(3.28) can be understood from the form of Eq.(3.25). The
two A values permitted by Eq.(3.25) are symmetric about A = 0, but because the existence
of the equilibrium (j) = 0 depends only on the existence of an energy cost (rather than
an energy benefit) of deviating from the correctly ordered microstate, only the positive
A value ensures the possibility of the (j) = 0 equilibrium. As N increases, the possible
number of incorrectly-ordered states in the system increases, and thus to ensure that all
components are on average correctly ordered (i.e., that (j) = 0 is satisfied), there needs to
be a greater probability of having an energy cost and a corresponding lower probability of
having an energy benefit. Thus we find g must approach 1 as N — co.

To compare Eq.(3.28) with the results for our other distributions, we rewrite it in terms

of the mean A( and variance (73. From Eq.(3.25), we find
Ao=As(2q—-1), o5 =A34q(1—q). (3.29)

Using Eq.(3.29) to translate the inequality Eq.(3.28) into a constraint on Ag and oy, we find

that B. in Eq.(3.27) only exists if

f;;) > VN2 —1. (3.30)
In other words, Eq.(3.30) establishes the condition the distribution Eq.(3.25) must satisfy in
order for the system to admit a (j) = 0 equilibrium. Comparing Eq.(3.30), Eq.(3.20), and
Eq.(3.24) we note that Eq.(3.30) establishes the most stringent constraint for the existence

of this equilibrium: As N — oo, the mean energy costs must increase linearly with N in

order for the (j) = 0 state to be achievable.
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FIGURE 3.3: Plots of transition temperature vs mean-normalized standard deviation for
N = 50. The horizontal axis is a proxy for disorder in the energy-cost distribution, and
the vertical axis gives the corresponding thermal disorder the system can tolerate while still
allowing (j) = 0 to be accessible. The kT, curves for the Gaussian, uniform, and symmetric
Bernoulli distribution are found from Eq.(3.19), Eq.(3.22), and Eq.(3.27), respectively. Each
curve is only plotted for the domain of 0y /A which yields real values for k3 T;, and thus the
relative end points of the curves allow us to compare which distributions are most tolerant
of disorder in the energy-cost distribution.

3.3.2 Comparison of transition temperatures

In Fig. 3.3 we plot the derived transition temperatures Eq.(3.19), Eq.(3.22), and Eq.(3.27)
(with A4 and g computed from Eq.(3.29)) as functions of 0/ Ag. We see that the symmetric
Bernoulli distribution curve ends at 0y /Ag =~ 0.02 and thus admits the smallest amount of
energy-cost disorder before the (j) = 0 state is unachievable. Conversely, the uniform dis-
tribution ends at 0y /Ag ~ 0.56 and thus admits the largest amount of energy-cost disorder.

Consistent with Eq.(3.13) and the intuition underlying Eq.(3.16), we find that each dis-
tribution predicts a transition temperature satisfying

kgT. < Ao

< (3.31)

and thus predicts a lower transition temperature than the corresponding non-disordered
prediction. In the same way that the transition temperature results Eq.(3.19), Eq.(3.27), and

Eq.(3.22) must be consistent with Eq.(3.31), in a future section, we will show how each of
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FIGURE 3.4: Theory and simulation comparison for N = 50. (a) Gaussian distribution. (b)
Uniform distribution. (c) Symmetric Bernoulli distribution. All distributions were defined
with Ag = 1.0. As the theoretical (i.e., non-simulated) results, in each figure, we have dashed,
dotted, and solid line curves which were all computed from Eq.(3.34). The dashed curve cor-
responds to the zero-disorder (op = 0.0) solution Eq.(3.32). The dotted curve corresponds to
the high-disorder (0y/ Ao = 1.5) solution. The solid curve defines our intermediate-disorder

(0o = 0.35) solution. The vertical dashed lines in (a) and (b) are the transition tempera-
tures computed from Eq.(3.19) and Eq.(3.23), respectively, at (Ag, 0p) = (1.0,0.35); there is

no transition temperature for Fig. 3.4c because op/Ag = 0.35 violates Eq.(3.30). The points

in each plot are the simulated results for the oy = 0.35 solution. We note that for (a), (b), and

(c), Eq.(3.34) matches the simulated results, and for (a) and (b), the temperatures computed

from Eq.(3.19) and Eq.(3.23) correctly match the temperature value at which the simulation
transitions from (j) = 0 to (j) > 0.

the previous distribution-specific constraints on Ay/0p can be unified into a distribution-
independent result expressed in terms of Py, the probability that an incorrectly-ordered

component is energetically favored. But first, in the next section, we compare these analytic

results to results from simulations.

3.4 Simulation Comparison

We seek to affirm the theoretical transition temperatures of the previous section by com-
paring them to simulation results. Doing so requires us to simulate how (j) varies as a

function of temperature when the {A;} are drawn from the Gaussian, uniform, and sym-

metric Bernoulli distributions.

First, we derive a more general theoretical prediction to which we will compare the
simulations. For the statistical physics of the non-disordered model where the Hamilto-

nianis H = Ag }_; Ip,+.,, we know the order parameter has the simple form

) o~ N — ePho (non-disordered result). (3.32)
]
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We would like to find analogous results for our permutation glasses defined by various
distributions of energy costs. This would amount to computing Eq.(3.12) for a given dis-
tribution and inverting it to find (j) as a function of temperature and the parameters of
the distribution. This procedure can be implemented exactly for the symmetric Bernoulli
distribution, but there seems to be no analytic solution for the Gaussian or the uniform
distribution. So, we will instead use a more general expression for (j) which allows us to
reduce all the distribution-dependent order parameters to a common form.

Given the Hamiltonian Eq.(3.1) and that (j) is the sum of (I, .., ) across all components,

we have
N
) = InZ Ait). 3.33
)=~ L gy M2 (D) (3.33)
Then, using Eq.(3.3), yields the general result
. N
() =N~ g L 2 (B, (3.34)

where Zn_1({BAi}izk) is defined by Eq.(3.3) with the product taken over the N — 1 ele-
ments of {A;} not including Ay. The utility of Eq.(3.34) is that it gives us the exact temper-
ature dependence of the order parameter contingent on a particular distribution of energy
costs. The caveat is that, rather than being a function of distribution parameters like means
and variances, Eq.(3.34) requires us to draw the explicit set of {A;} from the given distri-
bution.

With Eq.(3.34), we have our theoretical prediction and can now discuss the simulation.
The simulation was set up as follows: First, the vector @ = (1,2,..., N) was defined to
be the completely correct permutation. This was the initial state in the simulation. Single-
step state transitions were enacted by exchanging two randomly chosen elements of the
current vector contingent on the Metropolis acceptance criterion, i.e., that e (Er—E)/T <y
where E; and E; were the final and initial state energies, respectively, T was the tempera-
ture, and u was a number drawn uniformly from [0, 1). The initial and final state energies
were computed from Eq.(3.1) where the {A;} were drawn from the given distribution de-

fined by a mean A and variance 3. The simulation was run for 5 x 10* steps of which
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the last 10° steps were used to define the ensemble of states. From this ensemble of states,
we computed j (the number of elements in the state which did not match the correspond-
ing element in @) for each state and then averaged this value of j across all states in the
ensemble to find the simulation prediction of (j) at a specific temperature. We chose 30
temperature values between 0.1 and 1.3. Finally, for a given distribution, the drawn set of
{A;} was used in Eq.(3.34) to obtain the corresponding theoretical prediction.

In Figures 4a, 4b, and 4c, we show simulation results for the parameter values (N, Ao, 0p)
(50,1.0,0.35); respectively, these figures correspond to the Gaussian, uniform, and sym-
metric Bernoulli distribution of energy costs. As theory comparisons, for each distribution,
we also plotted Eq.(3.34) for the same parameter values as in the simulation. We note that
in all three cases, the theory curves well match the simulated results. As zero-disorder
and high-disorder comparisons, we included theory curves of the order parameter for the
standard deviation values 0y = 0.0 and 1.5 with N and A the same in all cases. From
the differences in the curves among the plots, we see that at high disorder, the tempera-
ture behavior of Eq.(3.34) is greatly dependent on the distribution from which the {A;} are
drawn.

Finally, for Fig. 3.4a and Fig. 3.4b, we computed the transition temperatures obtained
from Eq.(3.19) and Eq.(3.23), respectively, and displayed the predictions as vertical dashed
lines. Consistent with the simulation results, these lines correspond to the temperature val-
ues at which (j) transitions from zero to non-zero values or vice versa. Moreover, we note
that, consistent with Fig. 3.3, a disorder of 0p/Ag = 0.35 allows the order parameter for
the Gaussian and uniform distributions to reach (j) = 0 at sufficiently low temperatures,
but, at this level of disorder, the order parameter for the symmetric Bernoulli distribution
remains non-zero over its entire temperature range because its kg T, does not exist.

The similarity between the theoretical and the simulation results is reassuring, but what
still remains is the task of finding a unified interpretation for the constraints Eq.(3.20),
Eq.(3.24), and Eq.(3.30). We turn to developing such an interpretation in the following

section.
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3.5 Understanding Parameter Constraints

What is strange about the parameter conditions given by Eq.(3.20), Eq.(3.24), and Eq.(3.30)
is their variety. Although each represents the conditions the mean and variance of the
respective distribution must satisfy in order for the (j) = 0 state to be an equilibrium, they
all have quite different scaling behaviors as functions of N. Perhaps most interestingly, the
condition Eq.(3.24) becomes independent of N in the N >> 1 limit, thus suggesting that at
large N the amount of interaction disorder a system with a uniform distribution of energy
costs can tolerate is independent of the number of microstates available to it.

However, underlying this variety in parameter conditions is a unity of the situations
giving rise to them. Specifically, the conditions Eq.(3.20), Eq.(3.24), and Eq.(3.30) are the
translations into distribution-parameter language of something which bears a common
form when written as a probability. We can understand this by determining how the de-
rived conditions place upper limits on the probability of obtaining an energy benefit, i.e.,
of drawing A < 0 from the distribution.

We begin with our previous constraint which must be satisfied in order for B, to exist:

/ T A po(A)e B = % (3.35)

Next, we define

0
Proo = /_ dApo(N), (3.36)

which represents the probability that a Ay in Eq.(3.1) is less than zero (i.e., yields an energy
benefit for an incorrectly ordered component rather than an energy cost). With the fact that
f(x) < e*f(x) for x > 0 and from Eq.(3.35), we can infer that in order for f, to exist (and,

in turn, for the completely correct equilibrium (j) = 0 to be a physical state) we must have

1
P —. 3.37
10 < g (3.37)

Thus as N — oo, the probability of each lattice site having A < 0 must go to zero. Phys-

ically, we can interpret this result with the same intuition used to interpret Eq.(3.28). As
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the number of sites N in our system increases, the number of potential incorrectly ordered
microstates also increases, and thus to combat the entropic disorder from these microstates
and to ensure the existence of the (j) = 0 equilibrium, the system must be ever more likely
to have an energy cost (rather than an energy benefit) for incorrectly occupying a single
site. Thus as N increases, the system must become less tolerant of A < 0 values, and Py ¢
goes to zero. Finally, the probability limit Eq.(3.37) is consistent with temperature limit
Eq.(3.13) since both inequalities are derived from the same equilibrium condition.
Eq.(3.37) is a general result which must be true regardless of the distribution we choose,
but what we find is that our previously derived mean-variance conditions are simply rep-
resentations of Eq.(3.37) in the language of the parameters which define each specific dis-
tribution. To better understand how our mean-variance conditions Eq.(3.20), Eq.(3.24), and
Eq.(3.30) are related to Eq.(3.37), we interpret them as placing upper limits on how much
variance o3 the system can tolerate before the (j) = 0 state is no longer an equilibrium.
Given that the (j) = 0 state is only achieved through the positive A domain of the distri-
bution po(A), the upper limit on 0 must be tantamount to a lower limit on [;° dA po(A),
or, equivalently an upper limit on | i)oo dA po(A). Such an upper limit implies that if too
much of the distribution is contained within the negative A domain, then the (j) = 0 state
is not possible. Thus interpreting Eq.(3.20), Eq.(3.24), and Eq.(3.30) as upper limits on the
variances of their respective distributions, we can compute corresponding upper limits on

the probability of obtaining a negative value of A. For the relevant distributions we find

(Appendix B.5)
Puniform < i (338)
A<O0 =~ Ne
1
2 Sl S — 3.39
A<0 ~ ONVIInN 859
: 1
bernoulli

The above expressions represent the maximum probability of having an energy benefit in
the system and still being able to achieve the (j) = 0 state at a certain temperature. All

of these results are unified by their inverse scaling with N and, as shown in Fig. 3.5, their
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FIGURE 3.5: Log-log plot of the critical probabilities Eq.(3.37), Eq.(3.38), Eq.(3.39), and
Eq.(3.40) as functions of N. The curves give the critical probability above which the (j) = 0
equilibrium cannot be achieved for the given distribution. The solid curve represents the
upper limit on critical probabilities established by Eq.(3.37). The closer the probability curve

is to this upper limit, the more disorder it can admit before the (j) = 0 equilibrium is un-

achievable. Consistent with Eq.(3.37), each critical probability curve exists below this 1/N

limit.
consistency with the limit established by Eq.(3.37).

The results Eq.(3.38), Eq.(3.39), and Eq.(3.40) afford us a new interpretation of the re-
sults in Fig. 3.3. We previously noted that the uniform distribution admitted the most
amount of disorder before the (j) = 0 state was inaccessible and that the symmetric
Bernoulli distribution admitted the least amount of disorder. From Fig. 3.5 we see why:
The uniform distribution allows the most amount of disorder because it admits the largest
probability of energy benefits for incorrectly ordered components. By admitting a larger
probability of energetically beneficial incorrect components, the distribution need not be
tightly concentrated about the mean and can therefore have a higher standard deviation.
Conversely, the symmetric Bernoulli distribution allows the least amount of disorder be-
cause it admits the smallest probability of energy benefits for incorrectly ordered com-
ponents. The Gaussian distribution admits an intermediate value of disorder because its
limiting probability exists between the limiting probabilities of the two other distributions.

Arguably, this explanation simply translates the old question into a new one: Why,

conceptually, do the various distributions have the limiting probabilities shown in Fig.
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3.5? Their relative ordering could be understood by considering the A < 0 tails of each
distribution. In order for the (j) = 0 state to be accessible, the distribution needs to be
dominated by positive values of A. We can roughly understand this by noting that in the
non-disordered result Eq.(3.32), (j) = 0 is not accessible if A\ < 0. For the uniform distri-
bution Eq.(3.21), it is possible to completely eliminate A < 0 values by simply increasing
the ratio Ag/op with oy finite; thus for the uniform distribution, o can be finite and possi-
bly large while the (j) = O state is still accessible. However, the long tail of the Gaussian
Eq.(3.17) implies there will always be A < 0 values for non-zero ¢p. This is even more so
for the symmetric Bernoulli distribution Eq.(3.25) since its probability density is not de-
fined by an exponential fall off. Thus, in order to limit the A < 0 values, the Gaussian
distribution needs to be less tolerant of large spreads than the uniform distribution, and
the symmetric Bernoulli distribution must be even less tolerant than the Gaussian distri-
bution. This relative tolerance of disorder leads to the sequence shown in Fig. 3.5.

Lastly, noting that the results Eq.(3.38), Eq.(3.39), and Eq.(3.40) all scale at least as ~
1/N with corrections to the power of N contingent on the distribution, we could guess
there exists a stronger limit than Eq.(3.37) which any distribution must satisfy in order for
B to exist. Namely, in order for the (j) = 0 state to be achieved, we could conjecture that
the probability of obtaining an energy benefit must satisfy, in the N >> 1 limit,

1

PA<0 5 m/

[Conjecture] (3.41)

where a#(N) > 0 is dependent on the properties of the distribution. Thus the variety of
results in the conditions placing limits on the distribution parameters is somewhat mis-
leading because what is important is not the parameters themselves but the probabilities

(specifically the probability of an energy benefit) they are associated with.

3.6 Glassy Regime

In the previous sections, we considered the conditions defining a permutations glass which

allow for the existence of the (j) = 0 equilibrium. We pursued this analysis in analogy to
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FIGURE 3.6: (a) Glassy and non-glassy regime for a quenched Gaussian distribution of en-
ergy costs. Although the order parameter in the non-glassy regime has behavior similar
to that in the non-disordered system, the order parameter in the glassy regime is always
non-zero and the corresponding system becomes frozen at zero-temperature and exhibits a
residual entropy. (b) Schematic of Landau free energy plots of Eq.(3.46). The free energy is
shifted so that BF(j = 0) = 0. Much like the possible free energies for the non-disordered
system where p(A) = J(A — Ag), we find the disordered system defined by the Hamilto-
nian Eq.(3.1) has three possible free energy curves each defined by a single equilibrium (j)
which falls within [0, N]. However, for a system in the glassy regime, the free energy with
a global minimum at (j) = 0 cannot be achieved at any temperature even if the average en-
ergy cost A is positive. Thus the glassy regime is characterized by a non-zero entropy even
at zero-temperature.

the non-disordered system where the (j) = 0 state (found at temperatures below Ay/ In N)
defined the only thermal transition in the system. From the discussion in Sec. 3.5, we see
that the permutation glass differs from the non-disordered system in that for the permu-
tation glass it is possible to have a positive mean energy cost A with the system still not
transitioning to (j) = 0 at a physical temperature. The (j) = 0 macrostate is significant
because it is the only macrostate for which the system has a single microstate and hence

an entropy of zero. The number of microstates associated with a general j is given by

on() = (),

Williams, 2017
(3.42)

where d; is the number of derangements of a list with j elements. We only find Qn = 1,
when j = 0 and thus if Eq.(3.35) cannot be satisfied at a physical temperature kpT;, the

system always has a non-zero entropy.
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Using Eq.(3.35), there are two results which are important in defining a glassy regime

for this system. First, we recall the derived inequality

kgT, <

SN’ (3.43)

Eq.(3.43) requires that any temperature at which (j) = 0 is achieved to fall below A/In N
and, importantly, a necessary condition for such a temperature to exist is for A > 0. For
the case without quenched disorder (i.e., po(A) = 6(A — A)), the inequality in Eq.(3.43)
becomes an equality, and the system always assumes the (j) = 0 macrostate when kT
falls below the stated value.

However, for quenched distributions an additional constraint must be satisfied. For
the Gaussian, symmetric Bernoulli, and uniform two-parameter distributions analyzed in
Sec 3.3.1, the critical temperature takes on the general schematic form of kgT, (Ao, 0y, N),
where Ag and 0y are the mean and standard deviation of the distributions. For all of these
analyzed distributions, we found that there was a minimum value of A¢/0p below which

kgT. (Ao, 00, N) was no-longer physical. Namely, Eq.(3.35) only had a real solution for B, if

— = f(N), (3.44)

for some function f(N) that depends on the properties of the distribution. In other words,
even if A > 0 and there are temperatures kgT that exist below A/InN, none of these
temperatures would yield the (j) = 0 equilibrium unless Eq.(3.44) is satisfied as well.
If Eq.(3.44) is violated, then even at zero-temperature we would have (j) # 0 and, by
Eq.(3.42), the entropy of the system would be non-zero. Therefore, when Eq.(3.44) is vi-
olated the system exhibits a zero-temperature residual entropy typical of glassy systems
(Nemilov, 2009) and we can take a violation of Eq.(3.44) together with a positive A to be

definitive of the "glassy regime" of the system.
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These ideas become clearer with a concrete example and a figure. For a quenched dis-
tribution of energy-costs drawn from a Gaussian distribution, we found the critical tem-

perature.
-1

)LZ
kpTe _ (AO —/=2 —2InN ) . (3.45)
0o 0o (70

The phase diagram associated with this result is shown in Fig. 3.6a. The figure depicts
the fact that, for Ag/0yp < v2In N, Eq.(3.45) becomes imaginary and the system enters
the glassy regime and that although both the non-glassy and glassy regime have (j) # 0
macrostates, unlike the non-glassy regime, the glassy regime never achieves (j) = 0 ata
physical temperature.

We have already derived a more general condition for establishing the existence of the
glassy regime. We can found that a necessary, but not sufficient, condition for the (j) =0
macrostate to exist is that P,y < 1/N. Therefore, a sufficient, but not necessary, condition
for the system to exist in a glassy regime is for this inequality to be violated, namely for
Pyco > % Because Py < 1/N is a weaker condition for the existence of the (j) = 0
state than the condition derived directly from an analysis of the critical temperature, the
condition Py > 4 is stronger than necessary for establishing the existence of the glassy
regime.

Looking beyond this result, we might expect the introduction of disorder into our per-
mutation system to come with the multiple equilibria and ultrametricity of SK spin glasses.
However, for the class of permutation glasses considered here, this is not the case. We can
see this by computing the Landau free energy for this disordered system. By Eq.(3.5),

Eq.(3.10), and the substitution s — 1 — j, we find
BF(j)=1+j—N / dApo(A) In (1 - je*f”), (3.46)

In Fig. 3.6b, we schematically plot this free energy, noting that it exhibits all of the func-
tional forms of the free energy for the non-disordered case pp(A) = (A — Ag). Mathemati-
cally, this arises due to its stability conditions: Because the free energy for the glassy system

is always convex, it can have at most one minimum and, by the constraints of this system,
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this minimum must occur somewhere in the range of 0 < j < N. However, not all forms
of this free energy are accessible for all parameter values in the system. In particular, for
the glassy regime in which Eq.(3.35) has no solution, the free-energy curve with a global
minimum at (j) = 0 cannot be achieved and the system has (j) # 0 for all temperatures.
Thus, for the simple permutation glass considered in this paper, we say the system ex-
ists in the "glassy regime" if Eq.(3.35) does not admit a solution for B, even when the mean
energy costs A is greater than zero. This simplest version of a permutation glass does not
exhibit the replica symmetry breaking and ultrametricity characteristic of SK glasses, but
we argue for the labeling of a particular regime as "glassy" due to its differing properties
from the non-glassy regime: In the non-glassy regime, the disorder is not large enough to
lead to phase behavior different from that for the non-disordered system. However, in the
glassy regime, the disorder is so large that even at zero-temperature the system can exist
in multiple microstates even if there is only a single free energy minima as a function of j.

Therefore, the simplest permutation glass does exhibit glassy behavior.

3.7 Discussion

Motivated by the importance of the orderings of amino acid sequences in the structure
and function of proteins, a model was previously proposed to study the equilibrium ther-
modynamics of a system where particular permutations of an ordered list defined various
energy states of the system. In that model, for simplicity and solubility, it was imposed that
all lattice sites had the same energy cost for an incorrectly ordered component. However,
more generally, it would have been useful to consider a system of permutations where the
energy cost for each lattice site was drawn from a quenched distribution of energy costs.
We considered such permutation glasses here. The replica symmetric ansatz of such
glasses yielded a result consistent with the thermodynamically stable state computed by
applying Laplace’s method to the partition function. We found that this simplest per-
mutation glass exhibits a glassy regime—characterized by (j) # 0 for all temperatures—if

Eq.(3.35) cannot be satisfied even when A > 0. In the non-glassy regime, the (j) = 0 state
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can be achieved but the transition temperature satisfies kgT, < A/InN, and thus the sys-
tem is less tolerant of thermal disorder than is the non-disordered system in moving to the
(j) = 0 state.

From this analysis we found that we must have P,y < 1/N in order for (j) = 0
to be a possible macrostate, that is, in order for the completely correct ordering to be an
achievable thermal equilibrium and for the system to be in the non-glassy regime, the
probability of having an energy benefit for an incorrectly ordered component must be less
than the inverse of the number of components in the system.

But having considered the permutation glass defined by the “non-interacting" Hamil-
tonian Eq.(3.1), a natural extension would be to consider a permutation glass with the

typical spin glass-like Hamiltonian

H = zyijlgﬁéwilgj#wj, (3.47)
i<j

where p;; is drawn from a distribution of interaction energies. Such a Hamiltonian asso-
ciates an energy cost y;; with a permutation where both component i and component j
are in an incorrect position. When the global analog of Eq.(3.47) was studied in (Williams,
2017), we found very non-trivial regime behavior including multiple metastable states,
multiple transition temperatures, and quadruple and triple points. Thus, considering the
disordered behavior of a system with Hamiltonian Eq.(3.47), should yield some novel re-
sults (such as replica symmetry breaking) over the simpler phase behavior depicted in Fig.
3.6a.

Also, it is well known that spin glasses and other disordered systems often exhibit non-
exponential relaxation behavior and memory effects (Binder and Young, 1986), thus an in-
teresting question would be whether such properties exist in kinetic permutation glasses.
Answering such a question would likely require studying glasses defined by Eq.(3.47)
rather than Eq.(3.1). In spin glass models, the glass transition temperature is important
in defining the onset of such non-exponential relaxations. However, the analog of such
a temperature does not seem to exist in the model defined by Eq.(3.1). Thus, before a ki-

netic analysis of permutation glasses can yield additional insights into the non-equilibrium

57



Chapter 3. Permutation Glass

properties of disordered systems, it would likely prove necessary to consider more com-
plex glass models than the one considered in this paper.

Finally, we mention that our free energy Eq.(3.46) is reminiscent of a solution to a
canonical problem in statistical mechanics. If we have a fermion system with a count-
ably finite (but large) number of energy levels Nj,; where each level is labeled ¢ for some
integer k, the grand canonical potential of the system would be (Landau, Lifshitz, and

Pitaevskii, 1980)

BQermi = — )_In (1 + eﬁ(#—ek)>
k

— Ny, / de g(e) In <1+eﬁ("_£)> (3.48)

where p is the chemical potential, g(e) is an energy density, and we used the heuristic
Eq.(3.10) to replace the discrete sum with an integral. Comparing Eq.(3.46) and Eq.(3.48),
we can transform the former into the latter by making the substitutions BF(j) — 1 —j —
BOFermi, N = Ny, and j — ePr'. Now, considering the constraint Eq.(3.11) for the thermal
equilibrium of the permutation glass, we find that the analogous constraint for the fermion
system is

(Npermi) = ePH (3.49)

where the average number of fermions is given by

N °° 8(e)
<”Ferm1> - val. /_Oo dseﬁ(afﬂ) +1- (350)

Given the transformation j — eP¥, we see that Eq.(3.49) implies that in translating the equi-
librium permutation glass results to a system of fermions, we should interpret the order
parameter (j) as the average number of fermions (#permi). The fact that 0 < (j)/N <1
in the permutation glass, therefore correctly implies that 0 < (#germi)/Njy1. < 1 in the
fermion system. Thus, the model considered in this paper (the canonical ensemble of a
simple permutation glass) seems to match the grand canonical ensemble of a fermion sys-

tem with a large number of energy levels and where the chemical potential is given by
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,B,u = ln<nFermi>~
Perhaps such a correspondence is not so surprising since permutations are central to

the formalisms of both systems. Still, it is worth asking whether this relationship can allow

the understanding of one system to yield insights into the other.
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Chapter 4

Self-Assembly of a Dimer System

“Faced with the same natural phenomena, my experience is that physicists and biologists
will ask different questions, but by the time we find answers, we ought to be able to con-

vince one another that we have accomplished something.”

— William Bialek, Biophysis: A Search for Principles

4.1 Introduction

Self-assembly occurs in many microbiological systems, driving the formation of bilayer
membranes, micelles, and virus capsids (Nelson, 2004). For a macromolecular system to
be able to undergo self-assembly, its components must be able to find one another within
their larger volume and also be able to distinguish correct from incorrect contacts. In self-
assembly, the number of possible incorrect contacts is always much greater than the num-
ber of correct contacts, a fact which makes the physical and mathematical problem of self-
assembly a combinatorial one.

As a brute force resolution to this combinatorial problem, researchers have often used
computational methods to study the specific properties of self-assembled systems (Wales,
2005; Nguyen, Reddy, and Brooks, 2007; Johnston, Louis, and Doye, 2010). Conversely,

analytical studies of self-assembly often avoid combinatorics all together and begin under
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the infinite volume-infinite particle number assumptions of the law of mass action (Is-
raelachvili, Mitchell, and Ninham, 1976; Marsh, 2012; Perlmutter and Hagan, 2015) or, in
order to avoid the complications associated with analyzing a specific system, have focused
on more phenomenological properties of self-assembly (Nguyen and Vaikuntanathan, 2016;
Norn and André, 2016).

However, it is possible to study self-assembly analytically and specifically in the con-
text of a model whose combinatorial properties are simple enough to admit an exact ex-
pression for the partition function. Although the typical examples of self-assembly in-
volve the creation of large macromolecular structures on time scales relevant for cellular
function, a simple kind of self-assembly is exemplified in the way single-stranded DNA
fragments attach to their complementary strands, transcription factors find their correct
DNA binding sites, and proteins seek their optimal binding partners (Fig. 4.1). In all of
these systems, as in all systems capable of self-assembly, monomers only assemble into a
functional set of interactions if the monomers can find one another and bind correctly.

We can capture the basic features of these systems with a simple model. Say we have
2N distinct monomers &1, &y, ..., &N Wwhich form correct or incorrect contacts with one

another according to the reaction equation

Ki + = Kilj. 4.1)

With 2N monomers, there are N(2N — 1) possible (ay, ay) pairs, and we define N of
these pairs as correct contacts that have a lower binding energy than that of the remaining
2N(N — 1) incorrect contacts; —(Eg + A) for correct contacts compared to —Ey for incorrect
ones, where Eg, A > 0. We say the system has undergone “fully-correct assembly" when
all monomers are bound to their correct partners.

In spite of the apparent simplicity of this model, the correct and incorrect interactions
are defined by non-trivial combinatorics which lead to a unique partition function and
interesting phase behavior of the self-assembled system. In particular, for a system of
monomers contained in a volume V' and satisfying N > 1, we find that the two necessary

(but not sufficient) conditions the system must satisfy in order to be capable of fully-correct
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FIGURE 4.1: Example self-assembling biomolecular dimer systems. In (a), distinct single-
stranded DNA (ssDNA) strands exist in a system with their complementary strands and
with other double-stranded DNA (dsDNA). In (b), transcription factors (TFs) exist in a
system with their DNA binding partners and with already bound TF-DNA dimers. Since
the binding sites for the DNA are embedded in the much longer strand of an entire DNA
molecule, the effective DNA molecules to which the TFs bind are much less motile than
their TF partners. In (c), distinct protein monomers exist in a system with the heterodimers
formed from them. In all systems, we consider “fully-correct assembly" as the state where
all monomers are bound to their correct monomer or binding site.

assembly are

ON < efb, NV < V23 ePEotd) (4.2)

where B = 1/kgT and Ay is the de Broglie thermal wavelength of a monomer. The first
condition in Eq.(4.2) ensures that the energy advantage for correct contacts can overcome
their combinatorial disadvantage. The second condition ensures that the monomers are
able to find one another in their volume and bind together. What is interesting about these
dual conditions is that, although one might think that number density is a relevant quan-
tity in defining the possibility of self-assembly, the ratio of N and V does not appear, and
instead it is their product and N alone which are constrained. Moreover, both conditions
in Eq.(4.2) can only clearly be satisfied under finite number and finite volume assumptions
and thus a precise statistical physics formulation is required to obtain them.

This problem of building models of correct and incorrect dimers has a few antecedents
in the study of protein interactions. The authors of (Deeds et al., 2007) computationally
studied the diffusion of dimer-forming lattice proteins in a three-dimensional grid and in-
ferred that low-energy specific dimers dominate higher-energy non-specific dimers, only if
the system temperature is low enough that specific dimers are stable but high enough that

non-specific dimers are unstable. The authors of (Zhang, Maslov, and Shakhnovich, 2008)
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used the law of mass action (Sethna, 2006) to study specific and non-specific protein in-
teractions and establish approximate bounds on the minimum protein concentration and
maximum protein diversity a cell requires to be in a safe zone, i.e., a parameter regime
where non-functional interactions comprise fewer than 50% of the total interactions. In
(johnson2010nonspecific), the authors employed a computational evolutionary model of
protein interactions to show how selection pressure that seeks to minimize non-specific
interactions can determine the way the energy gap between specific and non-specific in-
teractions depends on the number of protein interfaces.

What distinguishes the current work from these previous approaches is that it begins
with simple assumptions concerning how correct and incorrect dimers can form from
monomers that are not necessarily proteins and embeds these assumptions in an analyti-
cal statistical mechanics framework. Using an analytical statistical mechanics framework,
rather than the law of mass action or a computational framework, allows us to both respect
the finite-number properties key to defining the combinatorics of the system and to derive
general equations governing dimer assembly rather than having to infer such equations
from computational trends.

The purpose of this work is to use statistical physics to better understand the proper-
ties of dimer self-assembly. In Sec. 4.2, we present the premises of our model, connect
these premises to a combinatorial problem we term the "Dance Hall Problem", and then
use the solution of this problem to compute the partition function of the system. In Sec.
4.3, we approximate the partition function through Laplace’s method and obtain the equi-
librium conditions relating the average number of correct dimers to the total number of
dimers in the system. In Sec. 4.4, we define the condition under which the dimer sys-
tem undergoes fully-correct assembly, and use this condition to categorize dimer systems
as one of two approximate types. In this section, we also numerically solve and plot the
equilibrium conditions, compare the results to simulations, and depict the dimer system
in parameter space. In Sec. 4.5, we derive the necessary conditions for the system to be
capable of fully-correct assembly, and interpret the two types as corresponding to "search"

or "combinatorics" limited on fully-correct assembly. In Sec. 4.6, we apply the derived
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results to biomolecular systems of ssDNA-ssDNA interactions, TE-DNA interactions, and
protein-protein interactions ultimately finding that all such systems appear to be of the
search-limited type. In the final sections, we outline the limitations of the model and con-

sider ways to extend it to better reflect the properties of real dimer systems.

4.2 Non-Gendered Partition Function

In this section, we build the partition function for a system of distinguishable monomers
that can form incorrect or correct dimers contingent on the dimer’s constituent monomers.
To match the physical conditions of self-assembly, we impose that the binding energy for
the correct dimer is lower than the binding energy of the incorrect dimer, and thus that
correct dimers are energetically preferred. However, the combinatorics of the dimer as-
sembly is such that there are many more incorrect dimer microstates than correct dimer
microstates, and so incorrect dimers are entropically preferred. We refer to this as the
“combinatorial disadvantage" of correct dimers.

We complete the calculation in steps: After outlining the particle and energy properties
of the model, we present the partition function, reframe its computation in terms of a
combinatorial sub-problem, and finally use the solution to this sub-problem to obtain an
exact integral expression for the partition function.

The system studied in this section (and presented throughout the main body of the
paper) is termed “non-gendered" to emphasize the fact that there is only one type of
monomer and each monomer can bind to any other monomer. Such systems well describe
the conditions of ssDNA-ssDNA interactions and some protein-protein interactions. Butin
TF-DNA interactions, there are two types of “monomers" each of which only binds to the
other type; we call this system “gendered." In Appendix D, we outline the mathematical

and physical properties of a “gendered" dimer model.

4.2.1 Naive Partition Function

Say that our system contains 2N distinguishable monomers labeled a1, a5, ..., a2n. Each

monomer has a mass mg, and the monomers exist at thermal equilibrium temperature T in
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a volume V. Each monomer can bind to any other monomer, and when monomer a; binds
to monomer «y, the two form the dimer (ay, ay) where the ordering within the pair is not
important.

We define correct dimers as those consisting of an «j binding with ay ., where k < N;
all other dimers are considered incorrect. Thus each monomer has one other monomer to
which it binds to yield a correct dimer, and, more generally, there are N possible correct
dimers and 2N(2N —1)/2 — N = 2N(N — 1) possible incorrect dimers. We take the incor-
rect dimers to form with binding energy —Ey, and the correct dimers to form with binding

energy —(Ep + A) where Eg, A > 0. Summarily, the binding energy for a dimer (a;, «;) is

—(Eo+4) if|j—il=N
E(aj o) = (4.3)
—Ey if |[j —i| # N.
We term Ej the "offset binding energy", and A the "energy advantage" of correct dimers.
For simplicity, we will assume that the monomers and dimers are point particles with no
rotational or vibrational properties. Also, apart from their binding, the monomers and
the dimers are free particles which do not interact with one another. Therefore, the total
energy of a microstate comes from the kinetic energies of the monomers and the kinetic
energies and binding energies of the dimers. An example microstate for a non-gendered
dimer system is shown in Fig. 4.2.

In order to study the thermal equilibrium properties of such a system, we need to con-
struct its partition function. To build the partition function we must define the microstates
of the system, the energy of a microstate, the various degeneracy factors relevant to defin-
ing a microstate, and how we will sum over all microstates. Given the definition of our
system, a naive choice for how to characterize the system microstate is to use a 2N x 2N

contact matrix C whose elements are defined according to

1 if dimer (&;, a;) exists in system,
Cij = (4.4)
0 otherwise.

With the elements C;;, we can then specify which monomers exist in isolation and which
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30 15 20 13

26

FIGURE 4.2: Example microstate of the non-gendered system with 2N = 30 monomers.

Correct dimers consist of binding k to k 4+ 15 and have binding energy —(Ep + A). All other

dimers are incorrect and have binding energy —Ey. This microstate has four correct dimers

(in blue), six incorrect dimers (in yellow), and ten monomers (in grey). For pictorial clarity,

the figure represents monomers as half-circles, but monomers are taken to be point particles

in the model. To which half-circle the individual monomers correspond is not important.
The total binding energy for this microstate is —(10Eq + 4A).

are bound together. From the constraints of the system, we can also infer that C;; has no
diagonal elements, is symmetric, and only has a single non-zero entry of 1 in each column

or row. Given Eq.(4.3) and Eq.(4.4), the energy of a particular microstate would then be

N N N
E({Cij}) =) _CijE(wj,a;) = —Eg Y Cij — A Cij On,ji- (4.5)
i<j i<j i<j

By the definition of the contact matrix in Eq.(4.4), the total number of dimers in the system
is)ic; Cij, and the total number of monomers is 2N — 2} : Cij. Presuming we are working
under dilute-solution conditions, the monomers and dimers are non-interacting, and the
degeneracy of a particular microstate C;; can be accounted for by including factors of the
ideal-gas partition functions for the appropriate number of monomers and dimers. If we
have N distinguishable and non-interacting point particles of mass my, the free-particle

contribution to the partition function is

N
14

Ziee = | = 4.6
free < )\8 ) ( )
where V is the volume of the system, and Ag = h/+/27tmokgT is the thermal de Broglie

wavelength of a single monomer. There is no permutation correction in Eq.(4.6) because
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our particles are distinguishable. From Eq.(4.5) and Eq.(4.6), the partition function for the

dimer system can be expressed as

2N v\ 2N-25C; v LG
ZMWﬂ%A%i%ﬁwkg%a%%4<ﬁ> (MMWW> (4.7)
where f = 1/kpT, the dimers have mass 2my, ZCZ']» sums over indices i < j, and the
microstate summation runs over all valid contact matrices for this system.

Our larger objective is to derive an analytic form for the partition function and to then
use this partition function to derive the thermal equilibrium conditions. But according to
Eq.(4.7), in order to compute the partition function we have to enumerate and then sum
over all valid contact matrices for this system. The set of possible contact matrices are all
2N x 2N matrices that are symmetric, have no diagonal elements, and where each row’s
and each column’s only non-zero element is 1. Finding a systematic way to enumerate
such matrices is challenging enough, but further complicating the calculation is the way
the binding energy Eq.(4.5) changes contingent on which elements in C are non-zero.

We can bypass these complications by expressing Eq.(4.7) as a summation over states
defined by the number of total dimers and number of correct dimers in the system. In

terms of the contact matrix, we have

2N 2N
k=Y .Cj, m=) Cijon,ji (4.8)
i<j i<j

as the number of total dimers and the number of correct dimers, respectively. Then, rather
than defining and summing over all possible contact matrices, we need only sum over
the possible values of k and m with the appropriate Boltzmann and degeneracy factors.
In constructing the partition function, we define a state by a particular value of k and m.
Eq.(4.5) indicates that the binding energy for such a state is —kEg — mA. Therefore, the

partition function Eq.(4.7) can be written as

[\12

Zn(V, T, Eo, A) =
k

k O, ) Bt m) v\ 2N-2 v k 1o
Om;O wlkm)e ()‘3> (Ao/V/2)3 (49)
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(N=10) (N=10)

I. N pairs of people 2. The pairs separate, and people

enter a dance hall.

mingle such that at some later time,
some people are paired and other
people are alone.

3. At this later point, there are k
pairs of people on the dance floor,
and of this set, there are m pairs
from the set of original pairs.

How many ways can this happen?

FIGURE 4.3: Depiction of the dance-hall problem for N = 10.

where Qy (k, m) is the number of ways to construct a microstate with k dimers, of which
only m are correct dimers. The task of computing the partition function now reduces to

the task of computing the degeneracy factor Qx(k, m), and this calculation amounts to a

problem of combinatorics.

4.2.2 Dance-Hall Problem

Determining Qy(k, m) generalizes beyond the constraints of this problem, and we can

embed its definition in the answer to a less abstract problem. We phrase the problem as

follows:

N pairs of people enter a dance hall. All people in the pairs separate, and

people mingle with one another such that at some later time, some people are

paired and other people are alone. At this later time, there are k pairs of people

on the dance floor, and of this set, there are m pairs from the set of original

pairs. How many ways can this happen? (See Fig. 4.3 for depiction)

The quantity Qn/(k, m) is the answer to this question. To determine this quantity, we
break it up into two factors: Qy(k, m) can be written as a product between the number
of ways to select m of the original pairs from the initial set of N pairs and the number of

ways to create, from the remaining 2(N — m) people, k — m pairs which are not amongst
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the remaining N — m original pairs. We thus have

QN(k/ Wl) = (Z) AN —mk—ms (4.10)

where a,, ¢ is the number of ways to form ¢ pairs from a set of 21 originally paired elements
such that none of these ¢ pairs coincides with any of the original n pairs.

The quantity Qn(k, m) must also satisfy a summation identity which we can use to
check our final result. The total number of ways to form k pairs out of a collection of
2N people (each of which can form a pair with any other person) is the number of ways
to select 2k people to be amongst the pairs multiplied by (2k — 1)!! = (2k)!/(2k!), the
number of ways to rearrange the selected people amongst the pairs (Chuan-Chong and

Khee-Meng, 1992). Thus, summing Eq.(4.10) over all possible values of k, we should find

(g) (2k - 1)1t = i <Zr>l]>aN—k,k—m- (4.11)

m=0

To check this result, we need only determine 4,, ;.

It is easy to calculate a, , for a few representative values. For ¢ = 1, a,,; is the number
of ways to create a single pair that is not among the original n pairs. In other words, 4,1 is
the difference between the number of ways to pair 2n objects and the number of original
pairs:

2n(2n —1
ay1 = n(z) —n=2n(n-1), (4.12)

For ¢ = n, a,, reduces to a solution to the “bridge couples problem" (Margolius, 2001):
The number of ways to completely rearrange n paired people into n new pairs such that

none of these pairs is amongst the original collection is

Gy = Zn;(—1)f (7) (2n —2j — 1)1, (4.13)

j=0

For general ¢, we can find a, , by applying the principle of inclusion-exclusion (Chuan-

Chong and Khee-Meng, 1992). We work through this derivation in Appendix C.2 and
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ultimately find

¢ .
ane =Y (—1) (’;) @Z:Z) (20— 2j — 1)1L. (4.14)

=0
It is simple to check that Eq.(4.14) satisfies Eq.(4.13) and straightforward to check that it
satisfies Eq.(4.12). To check Eq.(4.11), it is necessary to express Eq.(4.14) in terms of an

integral as is done at the end of SM Sec. 2.

4.2.3 Final Partition Function

Expressing Eq.(4.10) in terms of the derived result Eq.(4.14), we find that Eq.(4.9) provides
an exact partition function for our system of dimer-forming non-gendered monomers.
However Eq.(4.9) is not yet in its most reduced form because it is still written as a summa-
tion over discrete indices. We can write this partition function in a form more responsive to
the methods of calculus by using additional integration and combinatorial identities (see

Appendix C.3 for details). In the end, we find the partition function

1
Zn(V. T, B0, 8) = 27T (N+1/2) ( ) / / (MZN MZ—N)'
(4.15)
where 2
3
Me= V3 + (%) ePB0/2\ [y ®(x; BA), (4.16)
and
O(x; BA) = PP +2x — 1, (4.17)

with T' being the Gamma function. Eq.(4.15) is an exact result and no mathematical
approximations have been made in obtaining it. In particular, the integration variables x
and y are not the N >> 1 extrapolations of the summation variables k and m, but rather the
former are variables introduced by using integration identities to express combinatorial

factors as integrals. Thus Eq.(4.15) is valid for all N.
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The advantage in expressing our original partition function Eq.(4.7) as Eq.(4.15) is
that, as an exponential integral, Eq.(4.15) is now amenable to approximation via Laplace’s
method, and we can use this method to obtain the equilibrium conditions of the system.
First, given the appearance of k and m in Eq.(4.7), we can compute the average number of

dimers with

d
and the average number of correct dimers with
d

We can use similar derivatives to compute the various elements of the covariance matrix

for k and m:
2 2 2
0, 0 0 E aﬁE 813A
(O I ' InZy, (4.20)
Tok T Opadpe,  Ofa

where (7,3 is the variance of the total number of dimers, 0,31 is the variance of the number of
correct dimers, and U,fm = Ufnk is the covariance between the total number of dimers and
the number of correct dimers.

Eq.(4.18), Eq.(4.19), and Eq.(4.20) represent the main physical observables of this model,
and computing these quantities will allow us to better characterize the various properties
of the self-assembling dimer system. For example, we should be able to determine the con-
ditions under which the energetic benefit for having a state of all correct dimers outweighs
the entropic cost of not only having dimers rather than monomers but also of selecting the
N correct dimers out of a much larger set of incorrect dimers. Such conditions would con-
stitute “regime" conditions for this system, and in order to find these conditions we first

need to more specifically characterize the equilibrium properties of the system.
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4.3 Equilibrium Conditions of Non-Gendered System

With the partition function Eq.(4.15), we now have the main theoretical tool we need to
explore the equilibrium properties of our system of non-gendered monomers. Our next
task is to extract from this partition function physical information concerning the number
of total dimers and the number of correct dimers. However, keeping Eq.(4.15) as an inte-
gral in the subsequent analysis would result in cumbersome integral expressions for both
(k) and (m). It would be far simpler to approximate Eq.(4.15) as a function without an
integral, and to then use this new function as a proxy for the partition function.

Working towards this goal, we first rewrite Eq.(4.15) in a more suggestive form. Defin-

ing the effective free energy as
1
BFx(x,y;V, T, Eo,A) = x+y+ 5 In(xy) —In (MiN + M2V ) +BR(N,V,T), (421)
where BFy(N, V, T) represents terms that are independent of the variables x and y, we have

Zn(V, T, Eo, A) :/0 /0 dxdy exp [ — BEn(x,v;V, T, Eo, A)). (4.22)

Next, by Laplace’s method (Breitung, 2006), we can take Zy in the N >> 1 limit to be
dominated by the local maximum of its exponential integrand. We can then make the
approximation

ZN(V,T,EO,A)zzn(detH)*l/zexp(—ﬁPN)( y (4.23)
X

:x,y:y

where ¥ and j are the critical points of Eq.(4.21) defined by

3(BFv)| =0, (4.24)

X=X, y=y

fori = x,y, and H is the Hessian matrix with the elements

H;j = 0;9;(BFn) (4.25)

x=%y=y
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In order for Eq.(4.23) to be a valid approximation (and have an error of at most O(N~1)),
then ¥ and 77 must not only satisfy Eq.(4.24), but the Hessian matrix at these critical points

must also be positive definite (Hubbard and Hubbard, 2015), namely, it must satisfy
detH >0, TrH >0. (4.26)

The two conditions Eq.(4.24) and Eq.(4.26) together ensure that fFy is at a local minimum
at the critical points ¥ and 7 and thus that it properly defines the thermodynamic equilib-
rium of the system.

With the right side of Eq.(4.23) we now have a theoretically closed form expression
that we can use as a proxy for a our partition function. We can transcribe the mostly
mathematical conditions defining fFy into physical results by using Eq.(4.23), Eq.(4.19),
and Eq.(4.18) to establish a system of equations between (k), (m), X, and 7. In deriving
these equations, we take Eq.(4.21) evaluated at x = ¥ and y = 7 to be the true free energy
of this system ! Solving this system, we obtain equilibrium conditions written exclusively

in terms of (k) and (m):

425 B0 — (k) — (m) (1 — e~ F2)
Y (N =)’

efd N — (m)(1 — e F8)
7 T T ey

(4.27)

(4.28)

In Appendix C.4.1,we derive the conditions Eq.(4.27) and Eq.(4.28), and in Appendix C.4.2
we ensure the validity of Laplace’s method by checking that the relevant critical points
satisfy Eq.(4.26). To be precise, these equilibrium conditions have errors of the order of
O ((k)~') and O (N~1), but we will take them to be exact in the subsequent analysis be-
cause these errors only become relevant when we are considering few particle systems or
systems which are mostly composed of monomers.

Eq.(4.27) and Eq.(4.28) tell us how the average number of dimers (k) and the average

1We acknowledge that by the definition of free energy as —kzTIn Zy(V, T,; Eg, A), our quantity Fy differs
from the actual free energy by a constant. However, this difference makes a negligible contribution to our
physical results when working in the N > 1 limit.
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number of correct dimers (m) relate to each other and to system parameters like the num-
ber of particles, system volume, and the binding energies of correct and incorrect dimers.
Their form is reminiscent of law of mass action equations—i.e., they have an energy de-
pendent exponential term on one side and particle number ratios on the other-however,
there are some important differences. For one, factors of (1 — e #2) multiply the average
number of correct dimers, a feature which we will later see is important in deriving results
for the A — 0 limit of the system. Moreover, in Eq.(4.28) there is an N dependent term
which cannot be related to the typical particle number ratios of the law of mass action, but
which we will see is important in defining the state of fully-correct assembly.

With Eq.(4.20) we can calculate the covariance and variance relationships between the
average number of dimers and the average number of correct dimers. From Eq.(4.20), and

the approximate free energy given in the Eq.(C.30) and evaluated at x = ¥, y = 7, we find

7F = 5 V(N = (K)), 0By = 55 (m) (N — (R), (4.29)
2, = (m)— 2L <<,1(> n i,) (430)

indicating that the thermal fluctuations in our order parameters go to zero once the system
becomes completely dimerized ((k) ~ N) and completely composed of all correct dimers
((m) ~ N).

From here, we could attempt to solve the equilibrium conditions Eq.(4.27) and Eq.(4.28)
and obtain explicit expressions for (k) and (m) as functions of temperature and other sys-
tem parameters. However, as coupled quadratic equations, these conditions yield quartic
equations for (k) and (m). There are methods for obtaining analytic solutions to quartic
equations (Irving, 2013), but the general solutions are sufficiently complicated as to not be
too physically useful. So we instead solve these equilibrium conditions numerically.

But before we pursue a numerical solution, we can still build understanding of the
system by analytically considering two special cases: The case where correct dimers do
not have a binding energy advantage over incorrect dimers, and the case where the offset

binding energy is so large that all monomers have formed (not necessarily correct) dimers.
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4.3.1 No Energy Advantage (A = 0)

We consider the system without correct dimers having an energy advantage over incorrect
dimers, namely the case where A = 0. For this case, we define the system by the reaction
equation

a; +aj = wiag, Binding Energy = —E (4.31)

where —Ej is the binding energy of the forward reaction. The partition function for such a
system can easily be written down by taking the appropriate limit of the partition function

Eq.(4.15). We find

1 VAN o oy
2 B =0 =g () [ [ v a- Ve,
(4.32)
where

3
_ 2\/5)‘06/5th
%

5 (4.33)

To derive the equilibrium conditions for this system, we can apply Laplace’s method to
Eq.(4.32) in a way similar to the method’s application to Eq.(4.15). However, doing so
would lead to equilibrium conditions for (k) alone, since the parameter A (which de-
fines (m) through (m) = dInZy/0(BA)) is absent. Alternatively, we can simply consider
Eq.(4.27) and Eq.(4.28) for A = 0. Doing so, we find

4\62\86,3,90 S (m) = (k). (4.34)
These equations have straightforward interpretations from the perspective of the law of
mass action and counting, respectively.

Identifying the concentration of monomers as [monomers] = (2N — 2(k))/V and the
concentration of dimers as [dimers] = (k)/V, we can write the first equation in Eq.(4.34)

as

V23 ePE0 — _ dimers] (4.35)
[monomers]?
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\

(A) E = —5A
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FIGURE 4.4: Example microstates of a graph system with 2N = 10 vertices each of which has
degree 1. We let (a) define the lowest energy microstate with energy E = —5A. Each graph
that has an edge not found in the lowest energy graph incurs an energy penalty +A. Study-
ing the equilibrium statistical physics of such a collection of graphs leads to the partition
function in Eq.(4.37) without the factor of ¢V and the additional corrections. Eq.(4.38) indi-
cates that the system assumes its lowest energy graph at or below the non-zero temperature
A/ In(10).
which is reminiscent of a law of mass action interpretation of Eq.(4.31). The left side of
Eq.(4.35) is off by a factor of 2 from what we would precisely calculate using the law of
mass action because a foundational assumption of our dimer system is that each a; occurs
once and is distinguishable from ; for j # i, and such an assumption of distinguishability
is not manifest in the simple "monomer + monomer = dimer" rendering of Eq.(4.31).

The second equation in Eq.(4.34) can be understood with a simple argument. If there is
no energy difference between correct dimers and incorrect dimers, then the ratio between
the average number of correct dimers and the average number of dimers should be equal
to the ratio between the possible values of each. Given that there are N possible correct
dimers and 2N (2N — 1) /2 possible dimers, we should find that the ratio between the av-
erage number of correct dimers and the average number of dimers at thermal equilibrium
is

(m) N 1

k) _2N(2N—-1)2/2 2N-1 (4.36)

which, in the N > 1 limit, is consistent with the second equation of Eq.(4.34).

4.3.2 Complete Dimerization (Ey > kgT)

If our dimer system had an offset binding energy that was much larger than the energy

scale of thermal fluctuations, then the system would be entirely composed of dimers, and
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the corresponding thermodynamics would be determined by the combinatorics of correct
and incorrect interactions. In such a situation, the only energy parameter relevant in defin-
ing the microstate of the system would be A. In this Eg > kgT limit, the partition function

Eq.(4.15) reduces to

e—X

7 (eﬁA +2x — 1) YLoE, (4.37)

N 00
Zn(V, T, Ey > kgT,A) = \C/%/O dx

where ¢ = (V/A})ePEo. Given that (k) = 9lnZy/9(BEy), Eq.(4.37) implies that (k) ~ N.
Analyzing Eq.(4.27) in this limit is difficult because of the divergence that occurs as (k)
approaches N, but the second equation suffers no such divergence. Using (k) ~ N in
Eq.(4.28) yields for (m)

o

(m) = —-. (4.38)

At the highest temperatures, Eq.(4.38) gives us the expected result that the system reduces
to one of virtually no correct dimers, (m) ~ 1/2. However, given that (m) cannot exceed
N, Eq.(4.38) also implies that there is a finite temperature below which (m) ~ N, and hence
at which all of the dimers in the system are correct. This temperature is kgT ~ A/ In(2N).
The fact that this temperature is non-zero for finite N is important since such a result con-
tradicts a potential expectation that complete order is only possible at zero temperature.
We do not call this behavior a phase transition since it disappears in the thermodynamic
N — oo limit, but it is clear that, like a phase transition, moving below this temperature
results in behavior that cannot be fully captured by our analytic approximations. In the
next section, we will define the temperature at which fully-correct assembly occurs for ar-
bitrary A and Ey, and we will see that kgT = A/ In(2N) is a special case of a more general
result.

Finally, Eq.(4.37) has a simple interpretation from the perspective of the statistical physics
of graphs. We consider the set of graphs with N edges and 2N vertices where each vertex
has degree 1. If we define one graph in this set as the lowest energy graph (with E = —NA),
and say that the system incurs an energy penalty +A whenever a graph has an edge not

amongst the lowest energy graph, then the partition function for the system is given by
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the first term in Eq.(4.37) without the factor of ¢N. Moreover, Eq.(4.38) indicates that below

a temperature A/ In(2N), the system settles into its lowest energy graph (Fig. 4.4).

4.4 Types and Regimes of Dimer Systems

We say that our dimer system has undergone fully-correct assembly when the average
number of dimers is equal to the average number of correct dimers, (k) = (m). In this
section, we use this definition to show that the dimer system can be categorized as one
of two types. This categorization is based on analytic approximations for the temperature
at which fully-correct assembly is achieved, but by plotting simulations and numerical
solutions to Eq.(4.27) and Eq.(4.28) for these two system types, we find that the catego-
rization also reflects a qualitative difference in the relationship between (k) and (m). With
the intuition from these numerical analyses, we then define different physical regimes of
the system (e.g., complete assembly, partial assembly, negligible assembly etc.) and use
parameters spaces in BEy — BA and 2N — V /A3 space to show that the two system types

can access different regimes of self-assembly.

4.4.1 Typeland Type II Dimer Systems

When our system is at high T we can expect most of the monomers to exist alone such that
(m), the average number of correct dimers, and (k), the average number of total dimers,
are both much less than O(1). However, as we decrease the system temperature, we could
expect there to be a point at which (m) = (k). At this point, we would say the system is
in the regime of fully-correct assembly. At what temperature does the system enter this
regime?

Imposing (m) = (k) on both equations Eq.(4.27) and Eq.(4.28), and presuming that this

condition is valid at a temperature T, we find that T. must satisfy

174 1—e Bed

3 _ —BeA)2
V243, oBe(Eo+D) (1 —2Ne 7 =N-1/2 (4.39)
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where Ay = h/+/2mmokpT, and B, = 1/kpT.. Moreover, at this temperature, (m) and (k)
assume the common value

N—1/2
W%ﬂ@zlﬂgg. (4.40)

From Eq.(4.39), we can show that kT, is bounded above by A/ In(2N) which, together
with Eq.(4.40), implies that, at T = T, (k) and (m) have a value between N — 1/2 and
N. Therefore, for this regime of fully-correct assembly, not only do all the dimers consist
entirely of correct dimers, but all the monomers have formed dimers.

For general parameter values, Eq.(4.39) requires numerical methods to solve, but it is
possible to find approximate analytical solutions in two limiting cases. In the case of large
energy advantage for correct dimers (8.A > 1), the terms proportional to e #<* go to zero,

and we can solve for T; explicitly to find

2 Eo+A - -
T, = 2(E+ ) [wo (gEVaN)M)] LONTY =ksTy,  (441)
where we defined
h2
Ev= 2mmgV2/3’ .42

as an effective energy a free monomer of mass m in a volume V, and where W is the
principal branch of the Lambert W function defined by the condition Wy(xe*) = x for
x > —1 (Weisstein, 2002d). Alternatively, in the case where the offset binding energy
is large (B:Ey > 1), the squared quantity must approach 0 to compensate for its large

coefficient, and we find
A

ke~ o8

= kBTH. (443)

In practice, the solution to Eq.(4.39) cannot always be approximated by either Tj or Ty, but
in cases when it can, the corresponding thermal dependences for (k) and (m) are suffi-

ciently different between these two limiting cases that it is appropriate to categorize these
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cases as two different system types. We define these two system types approximately as

Typel forT. ~1Tj,
System Type = (4.44)

TypeIl for T. ~ Tj.
For systems where T, cannot be approximated by either Tj or Ty, we call the system type
“indeterminate".

In the following sub-sections, we explore this system categorization and the implica-
tions of Eq.(4.39) in two ways: First, using Eq.(4.44) to categorize numerical solutions to
Eq.(4.27) and Eq.(4.28); second, constructing a parameter space plot of the solutions and
using the system categorization to understand which spaces are accessible to Type I and

Type II systems.

4.4.2 Numerical Solutions and Simulations

In Fig. 4.5, we plot the numerical solutions to the equilibrium conditions Eq.(4.27) and
Eq.(4.28) and compare the results to simulation results for Type I, Type II, and indetermi-
nate systems. The error bars in the plots are computed from Eq.(4.29) and Eq.(4.30), and
the system is simulated using a Metropolis-Hastings Monte Carlo algorithm with a set
of moves chosen to ensure efficient exploration of the state space (see Appendix C.5 for
details).

The qualitative difference between Type I and Type II systems is apparent from com-
paring how (k) and (m) relate to one another for each system type. In both system types,
when T < T, the equilibrium equations Eq.(4.27) and Eq.(4.28) break down and (k) and
(m) assume the value given by Eq.(4.40). But for Type I systems, as we increase the tem-
perature above T, the (m) curve closely shadows the (k) curve, indicating that most of
the dimers in such systems are correct. Conversely, for Type II systems, as we increase
the temperature above T, the (m) curve quickly drops away from the (k) curve, with the
(k) curve remaining near N, indicating that most of the dimers are incorrect. This is the
essential qualitative difference between Type I and Type II dimer systems: Above the criti-

cal temperature T, Type I systems have dimers which are generally dominated by correct
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FIGURE 4.5: Numerical solutions to Eq.(4.27) and Eq.(4.28) and corresponding simulation
results. We set Ey = 1073, N = 50, and defined all energies in units of kgT = 1.0. The error
bars are the standard deviations in k and m computed from Eq.(4.29) and Eq.(4.30). In (a),
Eg =4.15and A = 5.75; In (b), Eg = 9.05 and A = 4.65; In (c), Ey = 14.00 and A = 3.75. The
(k) and (m) numerical solutions are represented by solid green and dotted orange curves,
respectively. The (k) and (m) simulation results are denoted by “e" and “x", respectively,
and each point represents the average of 50 simulations where, for each simulation, the last
600 time steps of 30,000 were used to compute the ensemble average (see Appendix C.5 for
details). Vertical lines correspond to T (black dotted), T; (blue dashdotted), and Ty (red
solid). For Type I systems, T, ~ Tj, and for Type II systems, T ~ Ty;. The characteristic
feature of a Type I system is a soft transition from (m) ~ N to (m) < N after which (m)
closely shadows the behavior of (k). The characteristic feature of a Type II system is a sharp
transition for (m) at T ~ A/ In(2N) followed by an exponential decline which drops (m) far
away from the (k) value. The sharpness of the transition leads to relatively large fluctuations
in m as shown by the larger discrepancy between simulation and analytic results in (c) versus
those in (a) and (b). In Type I systems, partially dimerized states can have mostly correct
contacts, and in Type II systems partially dimerized states always have mostly incorrect
contacts.

contacts while Type II systems have dimers which are generally dominated by incorrect

contacts.

4.4.3 Parameter Space Plots

In Eq.(4.40), we took the relationship (m) = (k) to define the fully-correct assembly regime
of the dimer system. This regime is evident in all the plots in Fig. 4.5 for T < T, but these
plots also show that there are many different relationships between (k) and (m) that we
can use to define various regimes of dimer assembly. It is easiest to get a sense of these
regimes with parameter space plots.

Fig. 4.6a and Fig. 4.6b depict, respectively, BEg — BA and 2N — V /A3 parameter spaces
for the dimer system with N and V fixed in the former and Ey and A fixed in the latter.

A system at a particular temperature and with particular parameter values is located at a
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FIGURE 4.6: Parameter space regimes of dimer system. In (a), we set Ey = 1072 and

N = 50. In (b), we set Eg = 14.00 and A = 3.45. In both (a) and (b), we set kgT = 1.0.
Each region is defined by solutions to Eq.(4.27) and Eq.(4.28) satisfying the following: (A)
fully-correct assembly (Eq.(4.40)); (B) nearly-complete assembly with mostly correct contacts
((k)/N > 0.95 and (m)/(k) > 0.5); (C) partial dimerization with mostly correct contacts
((k)/N < 0.95 and (m)/ (k) > 0.5); (D) negligible dimerization ((k)/N < 0.05); (E) partial
dimerization with mostly incorrect contacts ((k)/N < 0.95 and (m)/ (k) < 0.5); (F) nearly-
complete assembly with mostly incorrect contacts ((k) /N > 0.95and (m)/ (k) >< 0.5). The
black curve bounding region A in (a) and (b) is, respectively, the function BA(BEj) and the
function 2N(V/A3) found from analytic solutions to Eq.(4.39). The solid lines are functions
computed from their respectively labeled conditions. The grey diagonal strip in (a) and (b)
defines a region in which the system type is indeterminate; above or below the strip, the sys-
tem is more clearly of Type I or Type II. The markers 4, +, and B correspond, respectively, to
(@), (b), and (c) in Fig. 4.5 at T = 1.0. All regions are common to both systems types, except
for regions C and F which are unique to Type I and Type II systems, respectively. There-
fore, only Type I systems can be partially dimerized and mostly correct while only Type II
systems can be nearly-completely dimerized and mostly incorrect.

specific point on either parameter space plot. For example, the T = 1.0 values of (k) and
(m) in the plots of Fig. 4.5 are represented as 4, +, and B markers in Fig. 4.6a, and the
T = 1.0 values of (k) and (m) in Fig. 4.5c are represented by W in Fig. 4.6b. We emphasize
that because our results are derived in the N >> 1 limit, the properties outlined for Fig.
4.6b become less accurate descriptions of the original system, for lower values of 2N.

The solid straight lines are the parameter space expressions of the conditions T = Tj,
T = T, and T1 = Ty given the definitions in Eq.(4.41) and Eq.(4.43). If we take a system at
a certain temperature to be defined by a point in Fig. 4.6a or Fig. 4.6b, then decreasing the
system temperature brings the point closer to region A. Because the region boundaries are
themselves temperature dependent, the sizes and extents of the regions also change as we

change the system temperature. See Fig. C.1 in Appendix C.6 for a depiction of how the
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plots in Fig. 5 change as we decrease the value of kgT. We define a system as Type I or Type
IT according to whether decreasing the system temperature leads the point representing the
system to enter region A (fully-correct assembly region) at a point at which either the T;
or Ty line can approximate the region A boundary. The temperatures T; and Ty must be
sufficiently distinct for this categorization to be non-ambiguous and so the grey regions
in both plots of Fig. 4.6 define approximate regions where Ty ~ Tj; and hence where the
system type is indeterminate.

In the parameter space plots, we define six regimes that an arbitrary dimer system can

be in at a given temperature.

(A) Fully-correct assembly: All monomers exist as dimers and all dimers are correct;

Eq.(4.40),1—1/2N < (k)/N = (m)/N < 1.

(B) Nearly-complete assembly with mostly correct contacts: Almost all the monomers

exist in dimers, and most of these dimers are correct; (k) /N > 0.95; (m)/ (k) > 0.5.

(C) Partial assembly with mostly correct contacts: Monomers have only partially dimer-

ized, and most of these dimers are correct; (k) /N < 0.95; (m)/ (k) > 0.5.
(D) Negligible assembly: Few of the monomers exist as dimers; (k) /N < 0.05.

(E) Partial assembly with mostly incorrect contacts: Monomers have only partially dimer-

ized, and most of these dimers are incorrect; (k) /N < 0.95; (m) / (k) < 0.5.

(F) Nearly-complete assembly with mostly incorrect contacts: Almost all the monomers

exist in dimers, and most of these dimers are incorrect. (k) /N > 0.95; (m)/ (k) < 0.5.

The regimes are not necessarily mutually exclusive. For example, there is a parameter
space region in which the "negligible assembly" regime (region C) satisfies the conditions
of the "partial assembly with mostly correct contacts" regime (region B). This is because
the dotted line boundaries in Fig. 4.6a and Fig. 4.6b are defined by somewhat arbitrary
limiting values for (k) and (m) (e.g., (k)/N < 0.10 and (k) /N > 0.90 could respectively
have been used to define negligible and nearly-complete assembly), and thus transitioning

across such boundaries occurs smoothly as “crossover", rather than as “phase", transitions.
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However, the boundary surrounding region A is unambiguously defined by Eq.(4.39), and
transitioning across this boundary by decreasing T below T. fixes (m) at the value given
in Eq.(4.40). For Type I systems, this T = T, transition occurs smoothly (Fig. 4.5a), but for
Type II systems the transition occurs sharply (Fig. 4.5c) corresponding to an apparent dis-
continuity in d(m) /9T and thus suggesting the appearance of a phase transition. However,
this transition occurs at an N dependent temperature that goes to zero in the thermody-
namic limit, and thus does not fulfill the standard definition of a phase transition.

Echoing an assertion made in the previous section, Fig. 4.6a and Fig. 4.6b show that
Type I and Type II systems exhibit regimes of behavior exclusive to each type. When
monomers are partially dimerized in a Type I system, most of the dimers can consist of
correct contacts, while when monomers are partially dimerized in a Type II system, most
of these dimers always consist of incorrect contacts.

These parameter space plots allow us to immediately see a few properties of the dimer
system not evident in the solution plots. First, from the regime definitions and the line
representing the T = Ty condition in both Fig. 4.6a and Fig. 4.6b, we see that A > In(2N)
(or, equivalently, 2N < ef?) appears to be a sufficient but not necessary condition for an
arbitrary system’s dimers to be mostly composed of correct dimers. Therefore, the dimers
in a system are mostly correct if the number of distinct monomers in the system is less than
ePb.

Second, in Fig. 4.6a we see the expected result that the system only enters the fully-
correct assembly regime when A > kpT and Ey >> kgT. This makes qualitative sense
because a value of Ey much larger than the energy scale of thermal fluctuations is needed
for dimers to be able to form, and, similarly, a large value of A ensures that correct dimers
are privileged over incorrect dimers.

However, in Fig. 4.6b we have a possibly unexpected result: It is only the lower left
corner of the 2N — V /A3 parameter space that contains the fully-correct assembly regime.
This suggests that it is the absolute values of both particle number and volume, rather than
just their ratio encoded in number density, that determine whether fully-correct assem-

bly is possible. This result might be unexpected since reaction equations similar to those
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defining our dimer system (i.e., similar to Eq.(4.1)) are often studied by considering reac-
tant number densities in the form of concentrations. Experience with such analyses leads
one to expect that limits on number density are the only relevant criteria for constrain-
ing whether correct dimerization is achieved. But now we see that a statistical mechanics

analysis suggests otherwise. We interpret this result in the next section.

4.5 Inequalities for Assembly and Type

Having constructed the parameter spaces in Fig. 4.6, we now pursue two goals: A qual-
itative interpretation of the analytical conditions constraining the fully-correct assembly
regime, and a more precise way to define the separation between Type I and Type II sys-
tems. We pursue the first goal by finding necessary but not sufficient conditions for a sys-
tem to be in the fully-correct assembly region of parameter space and then by using these
conditions to motivate the more conceptual labels of “search-limited" and “combinatorics-
limited" for Type I and Type II systems, respectively. We pursue the second goal by de-
riving and interpreting necessary but not sufficient conditions for a system to be of Type

L

4.5.1 Limits of Fully-Correct Dimerization

In Fig. 4.6a and Fig. 4.6b, region A defines the parameter space for which a dimer system
is in the regime of fully-correct assembly. A necessary and sufficient condition for the
system to be in this regime is T < T. where T is given by the solution to Eq.(4.39). The
complexity of Eq.(4.39) makes this condition difficult to interpret physically, but the solid
lines in the parameter space plots, corresponding to T = Ty and T = Ty, allow us to state
two necessary but not sufficient conditions that have clearer physical interpretations.
From Eq.(4.39), Eq.(4.41), and Eq.(4.43), we can show that T, < Ty, Ty;. Thus, a necessary
condition for the achievement of the fully-correct assembly regime is that T < T; and
T < Ty. Using Eq.(4.41) and Eq.(4.43) to translate the T < Ty and T < Ty inequalities into

physical limits on volume and particle number, we find that they correspond, respectively,
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to

NV < V2 A3 ePEot), (4.45)

and

2N < P, (4.46)

where, consistent with the N >> 1 limit, we dropped the O(N~!) term in Eq.(4.41). In Fig.
4.6a, Eq.(4.45) and Eq.(4.46) are satisfied when a system exists to the right of the T = Tj
line and above the T = Ty line. In Fig. 4.6b, Eq.(4.45) and Eq.(4.46) are satisfied when
a system exists to the left of the T = Tj line and below the T = Tj; line. Since the fully-
correct assembly region exists within these limits in both figures, Eq.(4.45) and Eq.(4.46) are
necessary but not sufficient conditions for fully-correct assembly. Also, although they both
contain the parameter N, Eq.(4.45) and Eq.(4.46) are independent of one another. Using
Eq.(4.46) to eliminate N from Eq.(4.45) results in an inequality for V which is sufficient but
not necessary for the achievement of full-correct assembly. So, to only consider necessary
conditions for fully-correct assembly, we consider Eq.(4.45) and Eq.(4.46) separately.

A system only satisfies Eq.(4.45) if it has binding energies Ey and A which are strong
enough for all 2N monomers to find and bind to one another in the volume V. We thus
term Eq.(4.45) a “search-limiting" condition for the dimer system. A system only satis-
ties Eq.(4.46) if it has an energy advantage A which is strong enough that the completely
correct configuration of dimers is thermodynamically preferred over all the other combina-
torially more numerous incorrect configurations. We thus term Eq.(4.46) a “combinatorics-
limiting" condition.

We can think of Type I systems as being “search-limited" since in such systems A is
sufficiently large that correct dimers can overcome their combinatorial disadvantage, and,
therefore, the primary limiting factor in creating correct dimers is the ability of the relevant
monomers to find one another, i.e., satisfying Eq.(4.45). Similarly, we can think of Type II
systems as being “combinatorics-limited" since in such systems Ej is sufficiently large that
monomers can find one another, and the primary limiting factor in creating correct dimers

is the need to overcome their combinatorial disadvantage, i.e., satisfying Eq.(4.46).
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It may seem strange that the inequality Eq.(4.45) is said to define the search-limits
of dimer assembly and yet it makes no reference to the number density of the system.
Shouldn’t high number density be a requirement for monomers to be able to find one
another in their volume? The answer depends on the properties of the monomers com-
prising the system. Number density is mainly relevant if the dimers formed from asso-
ciating monomers are all identical, and the monomers exist in multiple copies which are
uniformly distributed in the constituent volume. In such cases, dimerization occurs if the
monomers can find one another, and since the reactants are uniformly distributed through-
out their volume, the only factor constraining whether they are able to find one another is
how many of these monomers are in a particular region of their larger space. Thus, only
density is relevant.

But for our dimer model, each of the 2N monomers exists as a single-copy, and all
of the dimers are distinct. In order for the system to assume the fully-correct assembly
regime, each monomer must ignore the 2N — 2 other monomers that are not its optimal
binding partner and find the optimal partner in the volume V. Increasing the number
of distinct monomers makes a successful search less likely since there are more spurious
potential binding partners, as does increasing the system volume since there is a larger
space to search within. Therefore, both N and V should have upper limit constraints.
However, why is it their product NV that has an upper limit constraint given in Eq.(4.45)?
One answer is that particle number and volume are not independently constrained for a
successful search. For example, a large volume and a small number of particles is just as
harmful to a successful search as is a small volume and a large number of particles; in both
cases a monomer still has to wade through a large number of various states—defined by
possible position states or potential monomer binding partners—before it finds its opti-
mal partner. Therefore the search limits on particle number become more stringent as the
volume increases as do the search limits on volume when the particle number increases.

Thus, it is their product which is constrained.
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4.5.2 Limits of Type I System

According to Eq.(4.44) we categorized a dimer system as Type I or Type II contingent on
how close T, was to either Tj or Ty. This definition was necessarily approximate since the
distinction between these two system types is a qualitative one which smoothly disappears
as our system moves closer to the T; = Ty lines in Fig. 4.6a and Fig. 4.6b. But because of
how Tj and Ty relate to one another in the two system types, we can rephrase the definition
without explicit reference to how either relates to 7.

When T; and Ty are not approximately equal, the critical temperature T, ends up being
well approximated by the lower of the two values as is seen in Fig. 4.5a and Fig. 4.5c. For
Type I systems, the lower value is always T1 and for Type II systems the lower value is Ty;.

Therefore, another way to define the system types is as

Typel forTi < T,
System Type = (4.47)

Typell for Ty > Ti.

where this definition is only unambiguous if Ty and Tjy are not approximately equal. It is
this phrase “not approximately equal" that makes this alternative definition, like the origi-
nal definition Eq.(4.44) a qualitative one. However, this definition can be used as a guide to
write a necessary but not sufficient condition for whether a system is of a particular type.

Eq.(4.47) states that in order for a system to be of Type I, we must have T; < Ty;. This
inequality alone is a necessary but not sufficient condition for the system to be of Type
I. For example, Fig. 4.5 satisfies T; < Ty, but its system type is ambiguous. Still, we can
consider how this condition constrains the parameter space for this system. We rewrite this
inequality in terms of a limit on the number of distinct monomers in the system. Using
Eq.(4.41) and Eq.(4.43) in T; < Ty and noting that, by the monotonicity property of the
Lambert W function, if Wy(X) > k, then X > keX, we can show that Ty < Ty implies

3A Eg

Eq.(4.48) corresponds to the region in Fig. 4.6b that is below the T; = Ty line. Thus, if
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a dimer system can be categorized as Type I, then the number of distinct monomers it
contains must satisfy Eq.(4.48).

Eq.(4.48) is equivalent to a bare statement of the T; < Ty condition. However, unlike
the Ty < Ty condition, it presents constraints on 2N in terms of a closed-form expression
and is thus easier to interpret. Taking A < Ej in Eq.(4.48), leads to a lower limit on the
number of particles in the system. This makes sense because a smaller energy advantage
for correct contacts means the system must have a smaller number of distinct monomers
in order to avoid the prevalence of incorrect contacts which would push the system to be
Type II. For large volumes V, Eq.(4.48) indicates that the maximum value of 2N becomes
proportionally larger. This result is consistent with the fact that increasing N decreases T:
Since it is the positive difference between Ti and Ty that leads a system to be characterized
as Type I, a decrease in T through an increase in V, can be paired with a decrease in Ty
through an increase in N, with the system still maintaining its type. Itis true that increasing
N also decreases Tj, but because Wy (x) varies more slowly than In(x) this decrease occurs
more slowly than the corresponding decrease in Tj.

Eq.(4.48) is as a conceptually and analytically simple criteria for determining whether
a dimer-system can be categorized as Type I. Satisfying Eq.(4.48) does not guarantee that
the system is Type I, but failing to satisfy it guarantees that the system is not Type L. In the
next section, we will use this criteria to determine whether various biomolecular systems

have biophysical properties consistent with those of Type I dimer systems.

4.6 Biomolecular Systems

In this section we consider three systems whose properties approximately match the as-
sumptions which underly the non-gendered or the gendered dimer models, the latter of
which is outlined in Appendix D: The assembly of ssDNA into dsDNA, the specific and
non-specific interactions between transcription factors and DNA, and the dimerization of
distinguishable monomeric proteins into dimers (Fig. 4.1).

There are some important differences between the assumptions underlying the model

and the properties of these real systems.
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First, we assumed that each monomer species exists in a single copy in the system.
This assumption clearly does not mirror the properties of real biomolecular systems which
often have multiple copies, with different copy numbers, for important biomolecules. We
take our model to approximate the behavior of systems with many different monomers
but where the copy-numbers of each monomer are sufficiently similar and are uniformly
distributed that we can consider a small region of the system to have a single-copy of each
monomer type. In Sec. 4.8 we will state a formulation of the non-gendered problem which
better takes into account differences in particle number and will mention issues relevant
to the solution.

Second, in developing the dimer model, we have employed the dilute-solution approx-
imation throughout in which the monomers and dimers are presumed to be point-like and
non-interacting. But, in real biomolecular systems, one would expect volume exclusion
and intermolecular interactions to lead to deviations from ideal behavior. In Sec. 4.8 we
will comment on how we can make up for this limitation by extending the model, but for
the current analysis we just acknowledge that the model only approximates the interaction
properties of the monomers and dimers in the proposed real systems.

Third, our model uses only two parameters to define the binding energy matrix of 2N
distinct monomers, whereas actual systems of distinct interacting proteins or strands of
DNA would have more complicated binding interactions even if such interactions could
be cleanly divided into correct and incorrect bindings. Consequently, in order to frame the
properties of biomolecular systems in terms of model parameters, we use average energy
scales representative of the systems of interest as approximations for Eg and A.

Finally, in real biomolecular dimer systems, there are often rotational and vibrational
contributions to entropy (Finkelstein and Janin, 1989) which, in a more complete theoret-
ical treatment, would have been accounted for in our dimer partition function Eq.(4.9).
Because our model only takes into account the translational entropy of the dimers, when
given biophysical data on binding free energies, we will take Ey and Ep + A to be ap-
proximated by the provided binding free energies minus an estimated translational en-

tropy contribution to those free energies. In this sense, the binding energy parameters of
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our model are “effective” binding energies obtained by averaging over the various unac-
counted for internal microstates of the dimer, but are not directly associated with a mea-
surable quantity. Carefully incorporating rotational and vibrational contributions into the
partition function Eq.(4.9) would lead to equilibrium conditions with different tempera-
ture dependences than those in Eq.(4.27) and Eq.(4.28), and thus different conditions for
Type I and Type II dimer systems. Thus taking Eg and Eg + A to approximate these unac-
counted for entropies amounts to an additional approximation in which we are ignoring
the temperature dependence of these entropies. All binding energy calculations are found
in the Supplementary Code.

In the subsequent sections, we will have two main goals: First, to use Eq.(4.45), Eq.(4.46),
and estimates of biophysical parameters for various biomolecular systems to determine
how the diversity of monomers in the system would need to be constrained in order for
fully-correct assembly to be accessible at physiological temperatures. Second, to deter-
mine whether the system is a Type I (search-limited) or Type II (combinatorics-limited)
dimer system, and thus whether partially dimerized systems are dominated by correct
contacts in these systems. Completing the first goal provides us with the information for
the second goal: According to Fig. 4.6b, if a system satisfies Eq.(4.46) but not Eq.(4.45),
then the system is of Type I, but if a system satisfies Eq.(4.45) but not Eq.(4.46) then the

system is of Type II. We will also use Eq.(4.48) to affirm these system categorizations.

4.6.1 ssDNA-ssDNA interactions

Within a cell, dsDNA never spontaneously separates into ssDNA, but in polymerase chain
reactions (PCR), solutions containing copies of a single dsDNA sequence are heated to
high enough temperatures that the strands can separate. In a prepared system, consider
having, instead of multiple copies of a single sequence of dsDNA as in PCR, N different
sequences of dsDNA which, when heated to high enough temperatures, separate into N

ssDNA segments and N associated complementary segments (Fig. 4.1a).
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This system is contrived from a biological perspective but provides a simple play-
ground in which to study the predictions of the dimer model. What insights do the physi-
cal properties of the non-gendered dimer model provide for such a system of ssDNA and
dsDNA? One relevant question is whether such a system is a Type I or a Type II dimer
system.

Take a single ssDNA segment to have 20-nucleotide bases, a length which is within the
range of standard lengths of primers in a typical PCR (Innis and Gelfand, 1999). In the
language of the model, each a; for k =1, ..., N, represents one ssDNA fragment and a
represents the corresponding complementary fragment. Because each a; is presumed dis-
tinct, we require that none of the ssDNA is self-complementary, and hence each is distinct
from its complementary strand. We will assume binding occurs in an all-or-nothing fash-
ion and that the bubbles that exist in real strands (Fei and Ha, 2013) are not present. The

reaction equation for this system is

ssSDNAy + ssDNA ompx = dsDNA (4.49)

wherek=1,...,N.

Since only complementary ssDNA fragments can form dsDNA, there is no binding
energy favorability between non-complementary ssDNAs, and so we can take Ey = 0.
From this condition alone, Fig. 4.6a suggests that such a system of interacting ssDNA is
trivially of Type I, since a non-zero value of A and a zero value of Ey would place the
system well above the T = Ty line.

Still, we can consider what estimates for binding energies imply about the number of
distinct ssDNA that can exist in such a system. A representative binding free energy be-
tween complementary strands was found as follows: We randomly generated 10° 20-base
sequences of ssDNA (where the bases A, G, T, and C were equally probable), computed
the binding free energy for each with its corresponding complement, and averaged over all
free energies . We used an experimentally calibrated and cross-referenced formula given
in (SantaLucia, 1998) to compute these free energies and assumed a 50 mM Na* surround-

ing solution (see Supplementary Code for implementation details). From these free energies
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we we able to estimate a binding energy parameter of A ~ 31.5 kcal/mol. From the fact
that a nucleotide base pair has a mass of about 650 daltons, we can take the mass of a 20-
base ssDNA to be my = 6.5 kDa (Metzler, 2001). We take our system to be at temperature
T =310.15K.

With these parameters Eq.(4.45) and Eq.(4.46) yield, respectively,

(NV)max = 42 x 10* yum®,  (2N)max = 1.6 x 107, (4.50)

Since a 20-base pair ssDNA can have at most 420 ~ 10! distinct sequences, the combi-
natorial condition on (N)max is automatically satisfied, and it is thus the search condi-
tion (NV)max which limits the achievement of fully-correct assembly in this conjectured
system. Moreover, taking Ey — 0 in the necessary condition Eq.(4.48), yields 2N <
exp(A/2Ey) ~ exp(10'®) which is practically infinite and more than satisfied for the pos-
sible values of N in the system. Therefore, this system is indeed of Type I, and is a search-

limited dimer system.

4.6.2 Transcription factor-DNA Interactions

Transcription factors (TFs) are proteins that bind to DNA and regulate a gene’s transcrip-
tion into mRNA and thus how much protein is produced from that gene (Alberts et al.,
2013). Given their importance in gene regulation networks and the specificity of their
functions, TFs must attach to precise regions of DNA which they select out of a combina-
torial sea of other binding regions (Fig. 4.1b). A TF finding its intended DNA target is said
to bind to it “specifically” while bindings to all other targets are considered “non-specific"
(Jen-Jacobson, 1997).

Let’s say we have N different TFs in a system together with their corresponding N
DNA binding sites. The association and dissociation reaction for this system can be written
as

TF; + DNA, = (TF-DNA),, (4.51)
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where k, ¢ = 1,...,N. We want to use the biophysical parameters defining TF-DNA sys-
tems to consider what our model states about the diversity constraints of these systems.
First, a system of interacting TFs and DNA sites is gendered because there are two types of
interacting units and because we take the interactions to occur between respective mem-
bers of the two types rather than within the same type. Also, since the DNA strand is fixed
relative to the TFs, the system is more like a system of free monomers interacting with
tixed binding sites rather than a system of dimer forming monomers. Consequently, the
reduced mass u of the dimers becomes the mass of the motile monomer (i.e., the mass of
the TF), and the qualitative picture we associate with the system is more akin to Fig. D.2
than to Fig. D.1 in Appendix D.

In (Jen-Jacobson, 1997), Jacobsen lists 12 proteins (including endonucleases, repressors,
and activators) with their respective protein-DNA association constants for specific and
non-specific contacts under various conditions. Converting these association constants
to binding free energies, and subtracting translational entropies to estimate our binding
energy parameters Eg and A, we find Ey ~ 22.9 kcal/mol and A ~ 6.4 kcal/mol. We take
the mass of a transcription factor monomer to be mtr ~ 64 kDa, a typical protein mass
(Milo and Phillips, 2015), and we take T = 310.15 K.

From these parameter values, we find that gendered analogs of Eq.(4.45) and Eq.(4.46)

(given in Eq.(D.27) and Eq.(D.28), respectively) yield
(NV)max =27 um®,  (N)max = 3.2 x 10%. (4.52)

Both of these results establish limits on the maximum diversity of TFs needed for fully-
correct assembly to be achievable at physiological temperatures, but the condition that es-
tablishes more stringent limits for a particular volume is what ultimately defines whether
the system is of Type I or Type II. The authors of (Pérez-Rueda and Collado-Vides, 2000)
estimate that there are about N = 3 x 10? different TFs in E. coli, a value which, for the E.
coli volume 1um?3, satisfies (Nmax) but not (NV)max. Thus, the (NV)max limit, derived from
T < Ty, establishes the stronger limit on TF diversity for a 1 um® volume system, and we

can conclude that this system is a Type I, or search-limited, dimer system. Moreover, given
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our parameter values, we find that the gendered analog of Eq.(4.48) (given in Eq.(D.29))
yields N < 10°, which is well satisfied for the estimate N ~ 103, and thus such a system
satisfies the necessary condition to be of Type L.

The fact that (N)max is satisfied but not (NV)max additionally means that the system is
located below the T = Ty line in a plot like Fig. 4.6b, and thus the binding energies for the
system are large enough that, at equilibrium, most of the TE-DNA bindings are correct (i.e.,
specific) bindings. Such a claim might seem strange given what is known about how TFs
bind to DNA. TFs find their correct bindings sites through a two part process in which they
first bind non-specifically to DNA and then slide along the DNA molecule. In the process
of searching for its specific binding site, the TF spends most of its time non-specifically
bound to DNA (Hippel and Berg, 1989). This fact seems to contradict our claim that a TF-
DNA system is dominated by specific rather than non-specific contacts. However, the TF’s
search for its correct binding site is a decidedly non-equilibrium process while our result is
an equilibrium one. What our result suggests is that if the relaxation to equilibrium was not
for whatever reason too slow for cellular function, TFs would still have sufficiently strong
binding to their specific sites that they could successfully wade through the combinatorial
sea of incorrect binding sites and find their correct ones. In other words, although real TF-
DNA systems have evolved to not make use of equilibrium self-assembly, their biophysical

properties appear to still afford them the ability to do so.

4.6.3 Protein-Protein Interactions

Although proteins are the ostensible conclusion of the central dogma of molecular biology,
the basic unit of life is much more complex than a bag of freely diffusing proteins (Alberts,
1998). Cells have highly organized internal structures with some proteins existing freely
within the cramped environment of the cytoplasm while other proteins function alongside
organelles in complex-machine like interaction networks necessary for cellular metabolism
or replication. But, while a “bag of proteins" is not a faithful metaphor of the cell, it still

serves as a useful model for studying the constraints of protein-protein interactions.
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Say we have a solution of 2N distinct monomeric proteins each of which, through a
functional interaction, typically forms a heterodimer (and has the lowest binding energy)
with one other protein, but also has the ability to bind to the other proteins through non-
functional interactions (Fig. 4.1c). In terms of the dimer model, functional interactions
correspond to correct dimers and non-functional interactions correspond incorrect dimers.
Whether a non-gendered or a gendered dimer model is more appropriate when describing
proteins depends on the interaction properties of the proteins involved. However, the two
classes of models have sufficiently similar quantitative properties that we can choose the
non-gendered model as representative of both. The reaction equation for such a (non-

gendered) system would be

protein, + protein, = (protein-protein),, (4.53)

wherek,/ =1,...,N.

We consider again the question we asked for the previous biophysical systems: Given
the approximate range of binding energies for protein dimers, are such protein-protein
interactions systems of Type I or Type II?

The authors of (Kastritis et al., 2011) provide a downloadable protein-protein interac-
tion data set consisting of a diverse collection of 144 protein complexes including anti-
body /inhibitor, enzyme/inhibitor, and G protein complexes. From this data set we can
estimate an average binding free energy for functional (i.e., correct) protein complexes.
An estimate of the binding free energy for non-functional complexes (i.e., incorrect pro-
tein interactions) is provided in (Zhang, Maslov, and Shakhnovich, 2008) by comparing
the results of Yeast 2-Hybrid experiments across two data sets. Extracting our binding en-
ergy parameters Eg and A from these data sets, we find Ey ~ 18.9 kcal/mol and A ~ 7.7
kcal/mol. We will take the mass of a monomer in this system to be the typical protein mass
mgy ~ 64 kDa (Milo and Phillips, 2015), and we assume a system temperature of T = 310.15
K.
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With these parameter values, Eq.(4.45) and Eq.(4.46) give us, respectively,

(NV)max =47 x 1071 um?®,  (2N)max = 2.7 x 10°, (4.54)

indicating that for a volume of 1 um?3, the search-limiting constraint Eq.(4.45) provides a
stronger limit on the number of different proteins in the system. Estimates of the number
of different proteins in E. coli put the number to be on order of N ~ 10° (Soufi et al.,
2015; Corbin et al., 2003), a result which satisfies the (N)max condition but not the (NV') max
condition. Given the calculated parameter values, we can check that N ~ 103 is more than
three orders of magnitude less than the maximum computed from Eq.(4.48), and thus this
system indeed satisfies the necessary condition to be of Type I. Therefore, like systems of
interacting TFs and DNA sites, systems of interacting proteins in an E. coli volume appear
to be Type I, search-limited, dimer systems and thus have functional binding energies
which are strong enough to overcome the combinatorial disadvantage of correct contacts
at physiological temperatures.

Actual protein-protein interaction systems have numerous features not present in the
model. Aside from the fact that proteins exist in multiple copies in real cells, we know that
not all protein dimers are heterodimers (or even interact most strongly as heterodimers
(Lukatsky, Zeldovich, and Shakhnovich, 2006)); not all protein dimers can spontaneously
dissociate into their constituent monomers (e.g., HIV-1 reverse transcriptase); not all con-
stituent monomers are stable by themselves (Nooren and Thornton, 2003); and not all pro-
teins form dimers since many protein complexes important to cellular function (e.g., lac
repressor) contain more than two constituent proteins.

But working within the constraints of the model, the fact that the estimated diversity
of proteins in E. coli is much lower than (N)max suggests that these protein systems have
energy advantages for correct contacts that are larger than what would be marginally nec-
essary to privilege those correct contacts in an equilibrium system. This result is not sur-
prising for the same reason that the TF-DNA results were not surprising; we know from
the dynamics of TF-DNA interactions that cells do not only seek to optimize the fraction of

their proteins in the so-called correct contacts, but also seek to minimize the time it takes to
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System Nreal | (NV)max (#m®)  (2N)max  RHS of Eq.(4.48)
ssDNA-ssDNA ~ 1072 ~ 10* ~ 107 ~ exp(107)
TF-DNA ~ 10? ~1 ~ 10* ~10°
protein-protein  ~ 103 ~ 107! ~10° ~ 107

TABLE 4.1: The limits Eq.(4.45), Eq.(4.46), and Eq.(4.48) for various biomolecular systems
at T = 310.15 K. The ssDNA has 20 bases. Because TF-DNA interactions constitute a gen-
dered dimer system, we used Eq.(D.27), Eq.(D.28), and Eq.(D.29) to compute the relevant
quantities in the TF-DNA row. In calculating Eq.(4.48) (or Eq.(D.29)), we assumed a volume
V = 1um3. The fourth column contains real upper limits on the monomer diversity of the
associated systems. We see that although the values of N, exist below (N)max for each
biomolecular system, Ny, exceeds (NV)max for a volume of 1um3. Together, these two
comparisons indicate that all of these systems are Type I (i.e., search-limited) dimer systems
for a volume of 1 um?3. Further affirming this label is that N, satisfies the Type I neces-
sary condition Eq.(4.48) for each system. Therefore, these biomolecular systems would have
equilibrium curves for (k) and (m) more akin to Fig. 4.5a than to Fig. 4.5b or Fig. 4.5c.

find such contacts (Hippel and Berg, 1989), and such minimization would likely provide

stronger constraints than the equilibrium ones derived here.

4.7 Discussion and Interpretation

This work has five main analytical results: The exact partition function for dimer assembly,
Eq.(4.15); the associated equilibrium conditions, Eq.(4.27) and Eq.(4.28); the temperature
condition for fully-correct assembly, Eq.(4.39); the analytical definition of the two differ-
ent system types, Eq.(4.44); the necessary but not sufficient inequalities for fully-correct
assembly, Eq.(4.45) and Eq.(4.46); the necessary but not sufficient condition for the system
to be of Type I, Eq.(4.48).

The final two results allow us to qualitatively characterize two different system types.
Contingent on a dimer system’s binding energy, particle number, and volume parameters
it can be categorized as Type I/search-limited, Type II/combinatorics-limited, or inde-
terminate. In search-limited systems, the energy advantage for correct contacts is large
enough to overcome the combinatorial disadvantage of such contacts, and the achieve-
ment of the fully-correct assembly regime is more constrained by the ability of the correct
monomers to find one another in their surrounding volume. In combinatorics-limited sys-

tems, the opposite is the case with binding energies being large enough for the monomers
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to find one another, and achieving fully-correct assembly more constrained by the ability
of the correct dimers to overcome their combinatorial disadvantage. Indeterminate sys-
tems have properties that cannot be cleanly distinguished as being either search-limited or
combinatorics-limited.

In terms of their binding trends, the qualitative difference between the two main types
is that search-limited systems can be partially dimerized with most of their dimers consist-
ing of correct contacts (Fig. 4.5a), but, when combinatorics-limited systems are partially
dimerized, most of the dimers consist of incorrect contacts (Fig. 4.5¢c). Thus being able to
categorize a dimer system as either Type I or II allows us to determine whether there can
be mostly correct dimers in the system when the monomers are only partially dimerized.

Applying these results to the biophysical systems that motivated the model (Fig. 4.1)-
and after listing numerous caveats-we found that all such systems appear to be search-
limited systems (Table 4.1). Per our previous discussion, this means that the fully-correct
assembly regime in these systems is more constrained by the ability of monomers to find
one another in their constituent volumes than by the need to overcome the combinatorial
disadvantage of correct dimers, and that these systems are capable of having partially-
dimerized states that are dominated by correct contacts.

The latter result might appear obvious: Of course we should expect biomolecular sys-
tems in which functional interactions can be defined would exhibit binding energies that
privilege those functional interactions over competing ones. However, in most biophys-
ical analyses of non-functional interactions (e.g., (johnson2010nonspecific; Deeds et al.,
2007; Zhang, Maslov, and Shakhnovich, 2008)) emphasis is placed on how binding ener-
gies must be large enough to out compete non-functional interactions, and there is rarely
any mention of how system size (in terms of volume) affects correct binding. But the inter-
pretation behind the search-limiting condition Eq.(4.45) is that system size also constrains
the ability of monomers to find one another and is just as relevant as binding energies in
limiting non-functional interactions.

This interpretation leads us to a second interesting result: Eq.(4.45) indicates that in
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achieving the fully-correct assembly regime, it is the product of particle number and vol-
ume, rather than their ratio encoded in density, that is constrained. This result reflects the
fact that each of the monomers in a dimer system must find its optimal binding partner in
the constituent volume, a task which is more difficult when said volume is large. This is
because the quantity 2N serves two roles in this model; it defines the number of monomers
in the system, but, since each monomer is distinct, it also defines the number of monomer
species. Thus increasing N increases the density of the system, leading to more interac-
tions between monomers for a given volume, but it also increases the number of different
interacting monomer types and makes it more difficult for a single monomer to find its
one other optimal binding partner. Similarly, increasing the volume V increases the num-
ber of position states a monomer must search through to find its optimal binding partner
and makes such a search more difficult. Importantly, these effects are not independent.
Eq.(4.45) indicates that the search-condition can be violated just as well for a large number
of different monomers in a small volume as for a small number of monomers in a large
volume. The “Dance Hall problem" discussed in Sec. 4.2.2 is useful in lending an intuitive
picture to the competing relevance of N and V in achieving fully-correct assembly: It is
easiest for a person to reach his or her original dance partner if both the number of other
dancers and the volume of the hall is small. Increase either one and the task of reaching

one’s partner becomes more difficult.

4.8 Limitations and Extensions

To simplify our study of dimer self-assembly, we made a number of assumptions which
limited the generality of the model and which thus point to ways to extend it.

First, we assumed that there was only a single-copy of each unique monomer in the
system. This assumption greatly simplifies the combinatorial problem at the heart of
the model, but does not match the properties of real biomolecular systems which almost
always have many different monomer species each with a particular number of copies.
However, one could consider a system where monomer species occur in multiple copies,

but for which all monomers have the same copy-number. If these copies are uniformly
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distributed throughout the system, then for a small region, one can take the equilibrium
dynamics of the system to be defined by the consideration of only a single copy of each
species.

To move beyond such a heuristic argument would require a more general formula-
tion of the problem. For example, the non-gendered model should include 2N unique
monomers &7, ...,&y where an oy monomer has 1 copies in the system. For this more
general system, one would need to determine the best way to model interactions between
the same species and also how to consider mismatches between the number of possible
correct partners and the number of available monomers in the system. Currently, it is not
clear what is the best route towards attacking this more general problem.

For tractability, we did not give the monomers and dimers any sub-structure and in-
stead defined their translational thermodynamics merely by the standard ideal-gas parti-
tion function Eq.(4.6). In protein systems, for example, we should expect the monomers
and dimers to have non-zero moments of inertia and the dimers to have vibrational proper-
ties, facts we can incorporate into the preliminary partition function Eq.(4.9) by correcting
the quantities raised to the power of k and m with the appropriate rotational and vibra-
tional partition functions. The principal effect of these contributions would be to give
stronger temperature dependences to (k) and (m). For example, taking the monomers to
be spherical and the dimers to be vibration-less linear molecules with moments of inertia

I, the factor of A3/V ~ T73/2 in Eq.(4.27) would be replaced with
AO/VT ~ T7%2, (4.55)

where ® = ?/2Ikp. It is apparent that for protein systems such incorporations are im-
portant because rotational and vibrational contributions to entropy have non-negligible
contributions to the “price of lost freedom" (Finkelstein and Janin, 1989) experienced by
monomers when they associate into dimers. However, it is not clear whether these incor-
porations would remove the sharp fall off in () exhibited by Type II systems.

Also, by giving the monomers and the dimers partition functions of the form V /A3,

we assumed that they were dimensionless particles which did not interact outside of their
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bindings. Such an assumption is not correct for the aqueous, and often crowded, solutions
in which biomolecules actually reside (Fulton, 1982). Thus, for better correspondence with
real systems, we should incorporate volume exclusion and interparticle interactions into
the model by replacing the ideal gas partition function Eq.(4.6) with the appropriate first-
order terms in a Virial expansion (Kardar, 2007c).

Two other limitations of the model concern length and time scales. Although the dimer
model was able to capture some of the combinatorial properties of self-assembly, more
often (as in the case of protein capsid or bilayer membrane assembly) the phrase “self-
assembly" refers to the spontaneous construction of macromolecular structures that are
much larger than their constituent parts (Israelachvili, Mitchell, and Ninham, 1976). Thus,
generalizations of this model that seek to provide more insight into the statistical physics
constraints of self-assembly would need to incorporate self-assembly on a hierarchy of
scales without sacrificing the precision of the statistical physics treatment.

Second, since systems exhibiting self-assembly evolve towards equilibrium (rather than
being perennially perched there), a mathematical model of the non-equilibrium properties
of this dimer system would make a more useful archetype of self-assembly. Simulations
are a good first step in this direction as long as they properly model the transition-state
properties of assembly. To produce the simulations shown in Fig. 4.5, we started all of our
systems in the low-entropy microstate of all correct dimers and used a non-physical transi-
tion step in which dimers could switch constituent monomers without dissociating. These
unphysical choices were geared towards ensuring that our system efficiently explored the
state space over our chosen simulation times. However, a more faithful simulation of self-
assembly would have the system begin in a state of all monomers and would only allow
monomer dissociation and association as transition steps. Our preliminary attempts to
abide by these constraints reveal that for certain parameter regimes the system falls prey
to the common self-assembly problem of “kinetic traps" (Hagan, Elrad, and Jack, 2011) in
which even if the parameter space diagrams in Fig. 4.6 suggest that the system is in the
regime of fully-correct assembly, the system can remain, for long simulation times, in a

state of only partially-correct dimers. This kinetic trapping appears to be most prevalent
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in Type II/combinatorics-limited systems, and reasonably disappears as Eg — 0, suggest-
ing the Type I vs. Type II categorization can also be a qualitative categorization for the
likelihood of kinetic trapping, but a more precise analytical argument would be preferred

over these qualitative observations.

4.9 Concluding Statement

Motivated by the assembly of ssDNA into dsSDNA, TF-DNA binding, and protein-protein
interactions, we built a statistical physics model in which systems of monomers can bind
together in correct or incorrect contacts. The model sought to explore how the energy ben-
efit of correct contacts must be balanced against their corresponding combinatorial penalty
in order for fully-correct assembly to still be possible. The value in exploring such a ques-
tion through statistical physics rather than through the law of mass action is that the finite-
ness of the partition function in statistical physics allows us to respect—and hence more
specifically account for—the finite-number combinatorial arrangements that are crucial in

determining the possibility of self-assembly.
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Conclusion

“When studying something new I often used to start in the middle, using some compli-
cated theory already developed by others. But often one sees further by starting with
the simplest questions and examples, because that makes it easier to understand the basic

problem and then perhaps to find a new approach to it.”

— Dusa McDulff, The Princeton Companion to Mathematics

51 Summary

In the preceding chapters, we presented three statistical physics models motivated by var-
ious properties of biomolecular systems. Here we summarize the models and their associ-

ated results before discussing extensions.

e In Chapter 2, we began by considering the protein-design problem, and from the
role permutations play in this problem, we proposed a model in which the state
space was isomorphic to the symmetric group. By taking an arbitrary microstate of
a thermal system to be 0 c perm(wy, ..., wy) and defining j = YN, Ig, +,;, we found

that the mean-field energy function
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yielded (in the N > 1 limit) the equilibrium order-parameter

(J)/N=1- ,BTWO (‘BAZ p A1+A2)) , (5.2)

where W) is the principal branch of the Lambert W function. What is significant
about Eq.(5.2) is its variety of thermal behavior despite its simple energy function;
the associated BA; vs. PBA, phase plot exhibits five distinct parameter regimes, a

triple and quadruple point, and two transition temperatures.

e In Chapter 3, we replaced the mean-field energy function Eq.(5.1) with one defined
by quenched disorder and thereby built the basic theory of the "permutation glass."

For the same space of states as in Chapter 2, we defined the energy of the system as

N
N ({6:}) = Y Aklo, 2y (5.3)
k=1

where {A;} is the quenched distribution of energy-costs. Computing the partition
function and equilibrium conditions (in the N > 1) for this energy function, we

found that the order parameter (j) is constrained by

/ ar L) eﬁA (5.4)

where pg(A) is the distribution of A values from which the elements {A;} are drawn.
From Eq.(5.4), we then found that the (j) = 0 macrostate occurs at the temperature
kgT, = ﬁc_l, where

. / o; dA po(A)e e, (5.5)

Moreover, a necessary (but not sufficient) condition for the thermal equilibrium of

the system to be (j) = 0 was found to be

A

< =
kgT < kgT, < nN’

(5.6)

where A is the average of the A values over the distribution. From these results,
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we defined the permutation glass regime of the system as one in which (j) = 0 is
never thermodynamically accessible even though there exists temperatures T that
satisfy Eq.(5.6). Namely, for the permutation glass regime, there is no . that satisfies

Eq.(5.5), even though A > 0.

Even more simply, we found that a necessary (but not sufficient) condition for the
system to be able to access the (j) = 0 state is

1
P —, 57
A<0 < 3 (5.7)

where Py = fi)oo dA po(A). Namely, for (j) = 0 to be a thermodynamic state, the
probability of an energy benefit for an incorrectly-ordered component must be less
than the inverse of the number of components. Conversely, a sufficient (but not
necessary) condition to define a system as in the permutation glass regime is the

system satisfying Py.o > 1/N.

e In Chapter 4, we used the specific and non-specific interaction properties of pro-
tein and DNA molecules to introduce a model of dimer self-assembly. Given a sys-
tem with 2N monomers labeled &1, . .., aony where the monomers can exist as bound
dimers (ay, /) or as monomers, we required each monomer to have a single correct
binding partner. The binding energies for these dimers were defined through

—(Eo+A) forlk—¢| =N

g(“k/ 0(() = (58)
—Ey otherwise.

The combinatorial properties of this model allowed us to write the associated parti-
tion function as an exact double integral from which we could analytically explore
the equilibrium conditions of the system. Ultimately, we found that the equilibrium

conditions were defined by the system of equations

W gy 0 (1) AN () (1 e
v O T T N=mE 2 M S e
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where A is the de Broglie thermal wavelength of a monomer, and (k) and (m) are
the average number of dimers and average number of correct dimers, respectively.
Beginning from Eq.(5.9), we found that dimer systems come in two distinct types,
search-limited and combinatorics-limited, where, in the former, volume primarily
constrains the achievement of the completely-correct dimers configuration, and in
the latter combinatorics primarily constrains the completely-correct configuration. In
particular, a biophysical analysis suggested that real systems consisting of ssDNA-

ssDNA, protein-DNA, protein-protein interactions are all of the search-limited type.

The introduced models can be seen as particular examples of the intersection cited in
Fig. 1.1: They are unexplored exactly-solved models in statistical physics which are de-
fined by combinatorial questions but which have motivations extending from biomolecu-
lar contexts. One of the main purposes of this thesis was to show that one can find mathe-
matically and qualitatively interesting exactly-solved statistical physics models in biology,
and thus that biomolecular systems could be as fruitful of a context in which to find clean
and useful physics models as condensed-matter systems. Moreover, by introducing the
statistical physics of the symmetric group and the permutation glass to physics, we have
provided examples for how the utility relationship between biology and physics is not
only defined by the way the latter contributes to the former; the former, too, can contribute
to the latter.

In the rest of this conclusion, we outline additional problems related to the ones in this
thesis, problems which either are extensions of the frameworks we already introduced or
are consistent with the tri-pronged theme of being motivated by a biomolecular context,

made precise through combinatorics, and exactly-solvable.

5.2 Generalized Derangements

In Chapters 2 and 3, we studied models for which the state space consisted of permutations
of a list of components, precisely defined as (w1, wy, ..., wy). In these models, each type
of component in the component list occurred once. However, we could consider a more

general scenario in which the component wy occurs 7y times for k = 1,..., N. For such a
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state space, the total number of inequivalent rearrangements of the components would be

the multinomial
(n1+ny+ -+ +ny)!
1’11!1’12!'"1’1]\[! '

(5.10)

How would we construct a statistical physics in which the state space was defined by
the permutations of such a list with repeated components? In constructing the statistical
physics of the symmetric group, the key quantity in building our model (i.e., in going
from Eq.(2.7) to Eq.(2.11)) was the number of "derangements" of a list, that is the number
of ways to completely rearrange the components of a list so that no component coincides
with its original placement. For a list in which each component appears once, we found

that the number of derangements could be written as
dy :/ dxe(x — )N, (5.11)
0

What about for a list in which components wy occurs ny times? In 1976 Gillis and Even
(Even and Gillis, 1976), worked out the mathematical expression for this problem and

found that the number of derangements was given by

Py = /oo dxe Ly, (x)Ly,y(x) -+ Ly (x), (5.12)
0

where L; is the jth Laguerre polynomial and n = (ny, ..., ny). Eq.(5.12) is often termed the
"Generalized Derangement formula" because it contains Eq.(5.11) as a special case; if we
set ny = 1 for all k, then Eq.(5.12) reduces to Eq.(5.11). Now, using Eq.(5.12) to construct
a statistical physics of generalized derangements in a way analogous to the construction
presented in Chapter 2, we first pre-define a zero-energy arrangement of the components
and require that the system incur an energy cost of +A; whenever a component wy is not
in this zeroth-energy arrangement. With this definition, one can show (see Appendix E.1)

that the partition function for the system is given by

N

Za({BA)) = /Ooo dxe T (1—e )" L, (1_xemk> . (5.13)

k=1
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Density of microstates ) )
Density of microstates

—_ correct-binding states

correct-binding states

incorrect-binding states

incorrect-binding states
K‘ &(4)
Binding energy /\ Binding energy
) ) [

—(E,+4) -E -E,
(4) (B)

FIGURE 5.1: (a) For the dimer system considered in Chapter 4, all incorrect dimers have one

binding energy and all correct dimers have another binding energy. (b) For the dimer sys-

tem defined by Eq.(5.14), the incorrect dimers have the binding energy —E, but the correct

dimers have a spectrum of binding energies. Because of the spectrum of binding energies for

correct dimers, the system depicted by Fig. 5.1b is more general, but also more analytically
difficult to study.

Like the permutation glass partition function Eq.(3.3) in Chapter 3, Eq.(5.13) defines a sys-
tem of quenched-disorder where the disorder is encoded in the distribution of energy costs
{Ax}. In analogy to the analysis in Chapter 3, we could define order parameters for this
system and attempt to understand under what parameter conditions the system settles
into its lowest energy configuration. Complicating the picture in this case is the multiplic-
ity of each component, a property which itself represents a sort of quenched disorder in
the system and which would have to be incorporated into the standard analysis presented

in Chapter 3.

5.3 Quenched Distribution for Dimer Self-Assembly

In Chapter 4, our goal was to analyze correct and incorrect interactions in a systems of
dimer-forming biomolecules. As a simplifying assumption, we took all correct interactions
to be defined by the same binding energy and all incorrect interactions to be defined by
a different binding energy. Clearly, however, the most general interaction scenario would
be defined by a 2N x 2N binding matrix where each of the 2N monomers has a bind-
ing energy unique to every other monomer. Working in the direction of the most general
problem, we consider the simpler case in which all incorrect interactions have the same
binding energy and each correct interaction has binding energies dependent on the par-

ticular interacting monomers. Specifically, say we have 2N monomers a7, ..., xony where
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each monomer can bind to any other monomer. If two @« monomers come into contact (say

a; and a; where i < j) the two form a dimer with binding energy

—(E0+Ai) ifj=i+N,
E(oci, DC]) = (514)
—Eg otherwise.
We note that £ (a;, ) = £(«j, a;). Eq.(5.14) differs from the binding energy profile Eq.(4.3)
in Chapter 4 in that the correct binding energies are parameterized by A; and thus there
is a distribution of correct binding energies instead of a single binding energy defining all
correct contacts (Fig. 5.1). From Eq.(5.14), we can work through a derivation similar to
that used to obtain Eq.(4.15) and find (see Appendix E.2) that the partition function for the

system is given by

—x—y

N
() [1[zx+6y(me+2x—1)], (5.15)

Zn(V, T, Eo, {Ac}) —CON/ dxdy© VT
(=1

where C is a closed contour around the origin in the complex plane,

VIV

, 6= d = ePhr, 5.16
27iy/AT(N +1/2) % and fe=¢ (-16)

CON =

and

N+1 /1 2N 2N
Bn(z) = T+/() dt [(\/1 “t+ Vi) 4 (VIS E- VEz) ] . (5.17)
Although the partition function Eq.(5.15) is more general than Eq.(4.15), it is not clear
whether the additional insight gained into self-assembling dimer systems is worth the
additional analytical effort needed to study the more general case. Phrased differently,

does considering a distribution of correct energies rather than a single one bring us so

much closer to the properties of the motivating systems (of TF-DNA, ssDNA-ssDNA, and
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protein-protein interactions) that it is worth pursuing? In any case, regardless of the an-
swer to this question, since Eq.(5.14) represents a quenched-energy distribution, the prop-
erties of Eq.(5.15) might be of interests to at least mathematical physicists if not to bio-

physicists.

5.4 Particle Aggregation

Finally, if the ethos presented in this thesis (i.e., that molecular biology can contribute to
statistical physics) has any wider validity, we should be able to find biomolecular systems
distinct from those discussed in the previous chapters which can also be framed in terms
of combinatorial problems and which lead to exactly-solved statistical physics models. We
present one such system here.

In (Kindt, 2012), Kindt computationally studied the problem of aggregating monomers
by relating it to the number theoretic concept of partitions. In molecular biology, aggre-
gation refers to the process in which individual monomers bind together to form larger
structures, which are either functional or non-functional depending on the interaction and
monomer properties. In number theory, a partition of a number is a way of expressing
that number as a sum of smaller numbers. The relationship between aggregation and par-
titions is evident upon example. If a system has N particles, the number of different ways
these particles can aggregate together is given by the number of different partitions for the
number N (Fig. 5.2). Kindt used this relationship to computationally study aggregation.
However, since partitions have played such an important role in number theory for much
of the 20th century, it should be possible to use the methods developed in number theory
to study aggregation analytically.

We can build analytical models of aggregation based on the number-theoretic concept

of partitions as follows. The number of partitions p(N) of a number N can be expressed as

(o] (o] N
p(N)=) - ) ¢ (N,ank>, (5.18)
n1=0 k=1

HNZO
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What are the different ways to partition the What different aggregates are possible with 5
number 5 (i.e., to write 5 as a sum of integers)? monomers?
I+1+1+1+1 1+1+1+2 1+4 5
1+2+2 2+3 1+1+3

FIGURE 5.2: Two questions and one answer. Asking "what are the number of partitions of
the number 5?" and "what are the number of possible aggregate configurations (ignoring
translational entropy) of 5 particles?" yields the same answer.

where J is the Kronecker delta. There is a large literature of analytical results in which
p(N) is approximated for N > 1. The first and most famous of these approximations is
the Hardy-Ramanujan result (Hardy and Ramanujan, 1918), in which p(N) is written as a

contour integral and then evaluated with the method of steepest descent for N > 1:

1 dz N1 1 [2N
p(N)—%ﬁzNH ,El—zk_zLN\@eXp (n 3>, (5.19)

where I' is a closed-contour around the origin in the complex plane. Now, to connect these

results to physics we can envision a simple aggregation scenario. Say we have N identical
monomers which can form aggregates of any size from 2-particle aggregates to N-particle
aggregates. We say that a k-particle aggregate is formed with a binding energy —E;, and
that each monomer in the aggregate has mass mjg. Taking the system to comprise a volume
V and exist at a temperature T (see Fig. 5.3), we can write the partition function for this

system as

) ) N N N 1 1% 1
IN(ELV,T) =) - ) ¢ <N,Eknk> exp (—ﬁZEini) I ()\3> , (5.20)
k=1 i=1 j

ni!
n1=0 nn=0 j:1 n].

where B = 1/kgT and A; = h/\/27jmokpT is the de Broglie wavelength of a j-particle
aggregate. In Eq.(5.20), the first factor within the summation is the combinatorial factor

that leads to a count of the number of aggregates for an N particle system; the second
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V.T

FIGURE 5.3: Example microstate with aggregates of various size and in various copy num-
ber.

factor is the Boltzmann factor for a particular aggregate configuration; the third factor is the
net translational partition function for a particular aggregate configuration. Representing
Eq.(5.20) as a contour integral akin to the representation of p(N) in Eq.(5.19), we find (see

Appendix E.3) that the partition function becomes

dw N e%k , Ve PE -
ZN({Ei},V,T) = dzp— (1—w . (5.21)

1
(2mi)N+1 fi wN+1 }g L A2z

Eq.(5.21) is a complicated results but preliminary calculations suggest it is possible to find
corresponding equilibrium configurations using the same steepest descent methods used
to establish the approximation Eq.(5.19). Being able to find and solve such equilibrium
conditions would yield a statistical physics perspective on aggregation which might prove
more fruitful than the phenomenological perspective provided by law of mass action anal-

yses (e.g., such as those given in (Israelachvili, Mitchell, and Ninham, 1976)).

5.5 Final Remarks

The aforementioned models generalize the main results in the thesis and present a new
context in which the discussed techniques can be applied. The intention in this presen-

tation was to add further evidence to one of the motivating claims for this work: that
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Foundational Question
How can we use combinatorics to
build new statistical physics
archetypes of biomolecular systems?

|. Generalize properties 2. Abstract properties onto
of biomolecular system a combinatorial problem

Biomolecules Combinatorics

4*_(If possible) provide insight into
biomolecular system in terms of
statistical physics framework
Exactly Solved
Statistical Physics
3. Use solution to combinatorial
problem as framework for exact-

statistical physics treatment

FIGURE 5.4: General strategy for building combinatorial models of biomolecular systems.

there are interesting problems in the intersection between exactly-solved models and com-
binatorics that have been unexplored by physicists because the motivation for these prob-
lems existed in a place that physicists ordinarily do not look; namely in the study of
biomolecules.

A second motivation for this work stemmed from the desire to find a new archetype
for studying biomolecules. From considering the process that went into creating the pre-
sented models, we can abstract away a general strategy for building combinatorial models
of biomolecular systems. First, beginning with the biomolecular system of interest, we
generalize its properties of interest by listing the features shared by all systems of a similar
type. From these properties, we abstract a combinatorial problem whose solution forms
the basis for counting the number of microstates in the generalized system. We then use
the solution to this combinatorial problem to build a statistical physics model of the sys-
tem. If possible, we use this new model to gain a deeper understanding of the underlying

system of interest or at least a better understanding of some of its properties (See Fig. 5.4).
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We applied this strategy in our study of protein design, biomolecular dimers, and the
discussion of particle aggregation in this conclusion, and we can see it as a combinatorial
archetype in the physical modeling of biomolecular system in much the same way the
Ising model is used as an archetype in such systems. One main difference between the
two archetypes is in the microstate spaces they most conveniently model. While the Ising
model is useful in modeling systems with many independent and discretely valued state
spaces, the combinatorial archetype is useful in modeling systems in which the space of
states is drawn from the number of ways to reorder the elements in a set.

The hope is that the work in this thesis can serve as a collection of proof-of-concept
examples of studies according to this combinatorial strategy and will encourage further

study in these directions.
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From Protein Design to the

Symmetric Group, Derivations

A.1 Alternative Derivations of Eq.(2.36)

A.1.1 Hubbard-Stratonovich Approach

We re-derive Eq.(2.36) using the Hubbard-Stratonovich method. We start this derivation

assuming A, = —|A,|; we will later see our resulting free energy can be analytically con-

tinued to the A, > 0 case.

For A, = —|A,|, the partition function is

—BMj+BlA2l? /2N

Mz

ZN(B A, A2) = ) gn(j)e

0

j

Then, applying the identity

BlAalj?/2N _ / d —Nx2/2B|As|— ]x
‘ 271[%\/\2 xe

ZN(,B}/\lz)\Z) = 271‘3‘/\2 / dx e*Nx /2B|Az] ZgN e —j(BA1+x)
j=0
—Nx?/2B|A2| 7
ZHﬁ\Az / dxe N(BA + ),
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where zy(x) = Zjlio gn(j)e7*. From Eq.(2.14) we found
zn(x) = / dse™ (1+ (s — e ™)V, (A4)
0
So Eq.(A.3) becomes

N o] 00 _ _ N o
ZN(B M, A2) = “27t/3|)\2|/0 ds /7oodx (1+(s—1)e P x) e s Ne/2Blhal (A B)

The function to which we apply steepest descent is then

2
h(s,x) =s+ 222, — NIn (1 + (s — 1)e*ﬁA1*X) . (A.6)

Computing the conditions for 9sh(s =5, x = X¥) = 0 and 9 h(s = 5,x = X) = 0 we obtain,

respectively,
N 0 A7
14+ (5 —1)ePhT (A7)
X (s —1)e Ph—%
==0. A8
BlA2| * 14+ (5—1)e Ph— (A.8)
Solving for s in the first equation we have
§=N+4+1—ePhtx (A.9)
and with the second equation we have the condition
X 1
=——(-1). A.10
BlAz| ne (410
Substituting the second condition into the first yields
5—1= N — PMPIRIGE-1)/N (A.11)
or
e PAIG-D/N — ofh (N — (5—1)). (A.12)
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Thus, the solution for 5 can be expressed in terms of the Lambert W function as

5—1 1 BlA2| sa,—pin
N BlAz2| < N (A1)

For A, > 0, we can employ the complex version of the Hubbard-Stratonovich identity:

—prpron _ | N /°° —Nx2/2BAy—ijx A4
e 278, 7oodxe . (A.14)

Working through an analogous steepest descent procedure, we find that the equilibrium

value for 5is

s—1 ﬁAZ [3/\1+/5/\2 — ]
=1 ,3/\2W< - =7, (A.15)

which could have been extrapolated from Eq.(A.13) by taking [A;| — —A;. From this

expression for the equilibrium condition, and as an analogy with the non-interacting case,

it turns out the order parameter in this case is not s but rather s — 1.

A.1.2 Gibbs-Bogoliubov Inequality Derivation of Eq.(2.36)

We re-derive Eq.(2.36) using the Gibbs-Bogoliubov Inequality(Yeomans, 1992). The in-
equality is
F[H] < F[Ho] + (H — Ho)o. (A.16)

The Hamiltonian which defines our system is
N A
H=M Z 191.75(01. N Z 19 £w; Ip. #w; = =Mj —I— ] , (A17)
i=1
and our variational Hamiltonian is instead

N
Ho = Mo Y Io, 2o, = Aoj- (A.18)
i=1

From Eq.(2.14) we know

F[Ho| = —; InZn(BAo) = —; In {/Ooo dse”* (1 + (s — 1)eﬁAo)N} _ (A.19)
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We can also define

N .
(O())on =Y, O(j)e P, (A.20)
j=0

as the average with respect to our variational Hamiltonian Eq.(A.18). Thus, Eq.(A.16) be-

comes

FIH) < —5InZu(BAo) + (= Ao)ox + 55 (P = F(ho)  (a21)

Differentiating f with respect to Ay allows us to compute the maximum of this quantity.

Given (j)o,n = —9InZn(BAo)/9(BAo), we then find

0 Ay d

f'(Ao) = (M — Ao) 3o + ﬁaTOU%N' (A.22)

which if we take to be zero at some Ay = Ay gives us

- 0 . /\2 0 2
0= (M —Ag)5— — . A.23
( 1 0)82\0 <]>0,N /\0:X0 + 2N a/\() <] >0,N )\()ZXO ( )
To compute these derivatives we make use of various identities. First we note
(Pon = 5 0 Zn(Bro) (A.24)
™ Zn(BAo) 0(BAo)? ’

SO

0 , 02

3] (lon = ~3BA)E InZn(BAo)

1 02 1 Py 2
e 2N+ Z g (s 2B

= —()on+ (N n- (A.25)

This last equality implies

J 9*(j)oN

<-2> — a<j>0,N
a(Bro) ON T Ta(BAg)?

I(PAo)’

+2(j)oN (A.26)
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and so Eq.(A.23) becomes

— A, J .
0= [/\1 —Ap+ Zi(])o,N} TAO@O,N

A P(jlon
M=o 2NB  9A% A=A

(A.27)

To compute these quantities we need to approximate the partition function for our varia-

tional system. Using the method of steepest descent

Zn(BAo) = /Ooo dse™® (1 + (s — 1)67/3)\0)N

= V2nN <eg\0>NeXp (elﬂo —N-— 1) (1 +0 (N—l)) , (A.28)
and so we have
(Fon = —a(;)m)lf\ZN(ﬁ)\o)
—N—efh O (N—1> . (A.29)

Computing the relevant derivatives in Eq.(A.27) we find

0— [M Mo+ Az<j>0,N:| (_eﬁAo Lo (N‘1>> _ M (_eﬁ)»o +0 (N—1)> =0

N 2N
= /\1—Xo+&<]'>01\1—£ eﬁAU-l-(’)(N*l) (A.30)
N ’ 2N

Neglecting subleading terms of O(1/N) (a choice only valid for (j)on > 1), solving for

Ao, and using Eq.(A.29) we then obtain the equilibrium constraint

(BM—BA NP o /2N — N _ (), (A31)

which when solved for (j)on/N gives us

(on/N=1-— ,BlAzW (%Zemﬁmz(lﬁv)) , (A.32)
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or, given our approximations and limiting expressions, the result

(Hon/N=1— ;Mw <5NA2e%+%> +O (N*l) . (A.33)

A.2 Monte-Carlo Procedure for Parameter Space

To generate Fig. 2.4, we implemented the following MC algorithm:

1. Uniformly sample two points for A; and A, separately from within a certain bounded

domain.
2. Draw the free energy curve Eq.(2.33) corresponding to the sampled values (A1, A7).

3. Label the curve according to which schematic curve in Fig. 2.3 it corresponds (i.e.,

according to its j,, j_ and fn(N, B) properties).
4. Color the point to signify the label.

We repeated this procedure for 10, 000 points with B = 1. The regime separation lines were

included after the MC procedure from the analytic forms cited in the text.

A.3 Analytic Functions of Regime Boundaries

Order to Partial-Order Transition

The regime boundary which separates the ordered and the partially ordered regime is

defined by the condition j, > 0. For this regime boundary we have the condition

1 BA2 ga
1—— EZepMitpra ) > A34
ﬁAzw(](Ne >0, (A.34)
or
ePM
Wo <Nﬁ/\ze/“2> > BAy. (A.35)

From a plot of Wy (a xe*) / x for real a, we see that W (axe*) /x > 1ifa > 1and W (axe*)/x <

1if a < 1. Thus this order to partial-order transition is defined by the condition ef*1 /N =

121



Appendix A. From Protein Design to the Symmetric Group, Derivations

1, or
M= —. (A.36)
Order to Order-Partial-Order Metastability Transition

The regime boundary which separates the ordered regime from the order and partial-order
metastability regime is defined by the condition —1 < W < 0. This condition is where the
joand j_ begin coexisting (Weisstein, 2002d), thus creating the mutual existence of a local

maxima and local minima in Fig. 2.3. Thus for this regime boundary we have the condition
—1<W (%emﬁ%) <0, (A.37)

This condition is valid so long as the argument of W satisfies
—el< %e%ﬂ“z <0. (A.38)

This inequality can only possibly be satisfied for A, < 0 and if A, < 0 the right inequality

is automatically true. So, our transition condition is given by
N
— ?e*!“l = BAgeP2, (A.39)

In the Order phase we automatically have fA; > In N, so the LHS of Eq.(A.39) is greater
than or equal to —e~!. Moreover, since A, is exclusively negative, at A, = In N, BA; is at

a maximum value of A, = —1. For fA; < —1, the solution to Eq.(A.39) is then

Ay = ;w1 (—Ijeﬁ)”) ) (A .40)

Order to Disorder Transition

The regime boundary which separates the partially ordered regime from the disordered
regime is defined by the condition j, < N — 1. We set the maximum value of j, to N — 1

rather than N because Eq.(2.41) is associated with a free energy which diverges at j, = N
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and this approximate result is thus only physical up to N — 1. Alternatively we could see
the maximum condition j, = N — 1 as respecting the fact that Eq.(2.41) is only valid up to

O(N~1). For this regime boundary we have the condition

1-1/N>1- ;Azwo <5N)‘2eml+%> (A.41)
or
%2 < Wy ('BZ\]AZeﬁAz/Ne.BMW\zﬁAz/N> _ (A42)

Again, using the condition that Wy(a xe*) /x > 1if a > 1, we find that the critical condition

for this transition is A1 + A, — BA2/N =0 or

___ M
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Permutation Glass, Derivations

B.1 Derivation of Correlation

For our permutation system with the partition function

N
ZN(BAo) = ) exp <—ﬁ/\0 Zlei#wi> / (B.1)
@ i=1

the sum of all the site-site correlations is given by

N N

20}% = Z (<191-7éw,-19j7éw]-> - <19i7éwi><19j7éwj>>’ (B.2)

ij i
Given that no site is special we can expect the the site-site correlations for different sites to
be the same regardless of which two sites we choose. Thus, we have
N

N
Y 05 =N(N—1)o;+) (<Iei¢w,-> - <191-7$w,->2>/ (B.3)
i=1

where we used Ig} Ly = Ig, 4, in the last line. Thus we find that the site-site correlation for

different sites is

) 1 aZ N
i = N =) | 3y In Zx (BAo) —;ugi#wg(l - <19i#wi>) . (B.4)
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From Williams, 2017, we have
InZn(BAo) =~ —NBAg + PP — N — 1+ Go(N), (B.5)

where Go(N) is independent of BAy. We also have that average incorrectness of a single
site is

(Tgteo;) = 1 — PP/ N. (B.6)

Using Eq.(B.6) and Eq.(B.5) in Eq.(B.4) we obtain

1 eBro\ ?
2 ~Y
iti ¥ N1 ( N ) / (B.7)

which, given the limits of the Laplace’s method result Eq.(B.6), is only valid for fA¢g < In N.

B.2 Replica Symmetric Solution

In this appendix, we will show Eq.(3.11) is consistent with the replica symmetric solution
to the permutation model with quenched disorder. To study quenched disorder in our

permutation system, we must evaluate the quantity

N

o N )
(InZn({BA:})) :/mgd)\kp({/\j})ln/o dte‘SZI_I<1+(S—1)e_ﬁM). (B.8)

=1

For generality we will not specify a particular form for p({A;}) other than to assume each

A has the same distribution:

Z

p({Ax}) =T Teo(A)). (B.9)

j=1

To implement the replica procedure, we apply the identity

n_
InZ = lim Z 1, (B.10)
n—0 n
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and then compute (Z"). Doing so, given the definition of Z and our distribution of A

values, we have

<ZN {,3/\} :/ Hd/\kpo )Lk / Hdsﬁe Yo 15aHH<1+ _1 ﬁ/\)

i=1a=

(B.11)

where Greek indices denote our replicas while Roman indices denote lattice places.

Now, to make progress, we posit a replica symmetric ansatz in place of Eq.(B.11). The
motivation for this replacement is that we introduced our replicas as an analytic trick, and
they are thus unphysical aspects of our analysis. Therefore, any distinguishing elements
between two replicas are unphysical. In the absence of any other supporting evidence, this
motivation is in general an insufficient reason to accept the replica symmetric solution as
valid, but we will find that this solution reproduces the thermodynamically stable result
Eq.(3.9), which was derived through alternative means.

For the replica symmetric ansatz, we replace our distinct n replica variables sy, ...,s;

with the single variable s. Doing so, we obtain

@v({pan)) = [ Hamkpo A [Tase [T (14 (50 - e

= /0 ds exp [—ns +InTr exp Ly, (s, M), (B.12)

where we defined

Te[---] = / H dA [ (B.13)

Lu(s, {As}) = Z In po(Ax) + 1 Z In (1 +(s— 1)e—5Ak) . (B.14)

k=1 k=1

Computing Eq.(B.12) via Laplace’s method, and using the identity Eq.(B.10) we find the

quenched average free energy to be

(InZ) = lim 1 {exp [— nso + InTrexp Ly (so, {/\k})} — 1}

n—0n
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= —50 + lim 1 InTrexp Ly (so, {Ax}), (B.15)
n—0n

where s is defined by the condition

—1+lim 19 InTrexp Ly (s, {Ac}) = 0. (B.16)
n—0 1 05 $=5¢
Computing the argument of the limit in Eq.(B.16), we find
po) N N
Trexp Lu(s, {Ae}) = / H A exp | ) Inpo(Ap) +n ) In (1 + (s — 1)e*ﬁAk)

ds =1 k=1 k=1
* TTdrs exp [L(s, {Ah)] 3 — B.17
—/—OOIE kexp[ Tl(sl{ k})}];]_—F(S—l)E_lBAk‘ ( . )

Thus given Eq.(B.16), we have that s) must satisfy

1 =1li dA Ly (so, {A 3 e
—,}L%/, H k exp [Ln(so, { k}}];1+ " 1)e Pk
o N 1
/_0011_[1 k00 ( k)kzzleﬁ/\k+50_1
o0 Po(A)
N ar P B.18
/700 ePr 459 —1 ( )

where we used the independent normalization of each py(A) in the final line. Given the
definition so —1 = (j), Eq.(B.18) is identical to Eq.(3.11). The consistency between the
replica symmetric ansatz and Eq.(3.11) suggests that this system of quenched disorder does
not bear the more interesting features (e.g., multiple equilibria andergodicity breaking) of

replica symmetry breaking solutions to statistical mechanics systems.

B.3 Heuristic Derivation of Eq.(3.16)

In this appendix, we derive Eq.(3.16) heuristically and thus lend quantitative justification
to the qualitative argument outlined in Sec. 3.3. We begin with the simple permutation
model with no disorder. The energy of a microstate in such a system is E = Agj where A

is the energy cost of an incorrect component and j is the number of incorrect components.
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Also, the number of such microstates for a given j is (I;] )d; where N is the number of
components in the system, and d; is the number of derangements of a list with j elements.

Thus, the microcanonical ensemble entropy for a given E, Ag, and N is

N
SN(E,AQ) = kB ln |:<E/)L0>dE/AO:|

~ —kgInT(N—E/Ag+1) +kgInT(N +1). (B.19)

If we were to introduce a small amount of disorder oy into our system, such that Ag (instead
of being fixed at a single value) had a non-negligible probability to be found within the
domain [Ag — 09, Ag + 0p], then we could approximate this new entropy as a two-point

average over the ends of this domain. Defining this entropy as (S(E)),, s, we have

(SN(E, X0)) ey
1 1
= ESN(E; Ao — Uo) + *SN(E/ Ao+ 00)
= SNn(E, Ao) + > 8A2SN(E A) e + O(0p)- (B.20)

We note that Eq.(B.20), given the convexity of S(N, A) with respect to A, is consistent with
the intuition that introducing disorder into our system effectively increases the entropy.

By the thermodynamic definition, the temperature of this disordered system is

(o) = £<SN(E,A0)>UO. (B.21)

Our goal is to compute the transition temperature for the (j) = 0 transition. By E = Agj, we
take this transition temperature to be the same as that associated with a microstate energy

E = 0in Eq.(B.21). Using Eq.(B.19), we thus find

1 9
Te(00) = o£ SN (EA0))ay |
— 9 su(EA )] L R0 [ (E, /\)‘ O(ct/A)
oE"N 0 2 9E |oA2™N A=o] E—g 0770
kgInN  2kg o2
= BAO + )@B' - InN+0(d3/43), (B.22)
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where we used o(N) ~ In(N) (with ¢ being the digamma function) for N > 1. Eq.(B.22)
then implies
Ao

2
(o

) = 1 O] (B.23)
0

which reproduces, up to an order of magnitude, the O(¢?) correction in Eq.(3.16).

B.4 Order Parameter for The Symmetric Bernoulli distribution

In this appendix, we will use Eq.(3.11) to derive an exact expression for the order pa-
rameter of the permutation glass with a symmetric Bernoulli distribution of energy costs;
there seem to be no clean analytic expressions for the order parameters associated with the
Gaussian or uniform distributions of energy costs.

Integrating the distribution Eq.(3.10) according to Eq.(3.11), we find

1 q l—gq
= — + - . B.24
NPt (j) e () -

Solving Eq.(B.24) and dropping the solution which does not reduce to N — ¢#* in the g — 0

limit, we find the order parameter

<j>/N:% 1— gcosh(,B)_\)—i— \/1—1—]%](

= 1 — 29)sinh(BA) + — sinh(B1) |, (B25)

NZ

where (j) could be written in terms of Ay and 0p by inverting the system Eq.(3.29).

B.5 Deriving Probability limits

In this appendix, we derive the probabilities Eq.(3.38), Eq.(3.39), and Eq.(3.40) which es-
tablish the constraints the respective distributions must satisfy in order for . to exist and

(j) = 0 to be an equilibrium. We begin with the mean-variance inequalities Eq.(3.20),
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Eq.(3.24), and Eq.(3.30) expressed as limits on the maximum value of the standard devia-

tion: )
(Ao 2\
—|1—-— [Uniform]
A (%)
Ao .
0y < 0" = [Gaussian] (B.26)
v2InN
1\;\20 - [Symm. Bernoulli]

In order for B, to exist, the mean Ay of each distribution must be greater than zero. Con-
sequently the maximum values of oy must be associated with maximum probabilities of
obtaining a A < 0 from the distribution. Computing these probability inequalities for each

distribution, we find

S . SR,
= [1—eri (~vinN)] ~ Mjﬂm (B.28)
phemouli % <1 e 1\1]2> ~ ﬁ, (B.29)

Where each quantity is expanded in the large N limit where relevant, and Eq.(B.29) follows

from Eq.(3.28) and the identification of 1 — g = Pbergeulli,
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Self-Assembly of a Dimer System,

Derivations

C.1 Link to Supplementary Code

IPython code for creating Fig. 4.5, Fig. 4.6, and for the biophysics calculations in Sec. 4.6
in the main text can be found at

https:/ /github.com/mowillia/dimer_self_assembly_code.

C.2 Derivinga, , as a Series and an Integral

We are seeking a formula that answers the following question:

Given 2n distinguishable objects that are all initially paired in some way, what
is the number of ways to form ¢ pairs such that none of these new pairs coincide

with any original pairings?

We call this number a,, ¢, and it is easy to see what its value should be for / = n and ¢ = 1.
If we were to take ¢/ = n, we would have the case of the “bridge couples problem" and
we should obtain the formula derived in Margolius, 2001. If were were to take ¢ = 1, we
could infer that a,7 = 2n(2n — 2)/2 since there are 2n ways to select the first element,
2n — 2 ways to select an element that was not initially paired with this first element, and a

factor of 1/2 for double counting.
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To find the general formula for a,, y, we employ the inclusion-exclusion principle Chuan-
Chong and Khee-Meng, 1992.

First, we establish some definitions. We define |A;|, ; as the number of way to reform
¢ pairs, out of 2n initially paired elements, such that in the new set of pairs, we include the

ith pair of the initial pairings. We in turn say that the quantity
|Ai1 n---N Aik|n,€/ (C].)

equals the size of the set where, out of 27 initially paired elements, we have formed ¢ < n
new pairs which include the pairs i, ..., i (for k < ¢) of the original pairings. By this

definition, our desired quantity a, , can be written as

n
Y., ALN- DA L (C2)
1§i1<'“<i[§1’l
where Aj is the complement of Ay. Eq.(C.2) is the total number of ways to reform £ pairs

out of 27 initially paired elements such that none of the ¢ pairs is found in the initial pair-

ings. Given that the intersection of complements is equal to the complement of the union,

we have.
n n
Z |A?]ﬁ"'ﬂA;‘n’gI Z |(Al'1U"'UAl‘£)C’n,g
1<iy<---<ip<n 1<y < <ip<n
n
= |S|pr — ) |Aiy U---UA; |, (C.3)

1<ii<--<iy<n

where we we defined |S|,, s as the number of ways to create ¢ < n pairs out of a set of 2n

elements. Combinatorics tells us that |S|,, ; is

|Spe = @é) %)!! - <§Z> (20— 1)1, (C.4)
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Now, to compute Eq.(C.2), we must calculate the last quantitys in Eq.(C.3), and we do

so by the inclusion-exclusion principle. By the principle, we have

n

Z ’Ailu"'UAie|n,é

1§i]<-"<l’[§1’l

n n n
=Y JAilne— Y JANAjle +-+ Y (DA NN A e
i=1 1<i<j<n 1<iy < <ig<n

(C.5)

We recall that | A;|,, s equals the number of way to reform ¢ pairs, out of 2# initially paired
elements, such that in the new set of pairs, we include the ith pair of the initial pairings.
Since the ith pair is fixed in this pairing, the number of ways to achieve this new pairing
is simply the number of ways to form ¢ — 1 pairs out of a set of 21 — 2 elements. Thus we

have

2n —2
‘Ai’n,g = <2£_2) (2¢—2—1). (C.6)

This quantity is independent of which i we choose, so, in Eq.(C.5), the summation can be
replaced with the factor (7). Similarly, the quantity |A; N Aj|, ¢ is the number of ways to
choose ¢ pairs, out of 21 initially paired elements, such that we include the ith and jth pairs
of the original pairing. Thus, we have

2n —4

|AiN Ajlne = <2£_4

)(2£—4—1)!!, (C.7)

and the summation is replaced with the factor (5). Following this pattern, we find that

Eq.(C.5) becomes
Y Lo n (20 —2j
A U= U A [ = (—1)”<.>< ) (20 —2j — 1) (C.8)
1<i1<;:<i€<n ! ! Jg ] 20 —2j

Finally, using Eq.(C.4) in Eq.(C.3), and noting that final result is our desired a,, s, we have

. L
ayy =Y (~1) <”> (i’z - 2) (20 —2j — 1)1, (C9)

j=0 J
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We can also write Eq.(C.9) as an integral which will later allow us to write the partition

function as a double integral. The first step is to rewrite the second combinatorial factor as

2n—2j\ __ 2"T(n—j)! .
(25—2j> ~(2n —26)!(25—2]')!(2” —Z- D (C.10)

We then find

¢ (n =i(n —j)!
App = Z(—1)1< > (2n2—2]£()!(2€])— 21 (2n —2j -1 (20 —2j — 1!

j=0 J
on—{ n! 4
_WE'Z( )]lg )(271—2]—1)
2 fm- nt ¢ 21 ,
N (21/1—26) E' n_ l < > \/Er(i’l—]—i-l/Z), (C.11)

]:0
Using the integral definition of the Gamma function, we obtain.

B 1 A S S ¢
aM_(Zn—ZE—l)!!(K)ﬁ/o dte~'t1/2(21)" (1 — 1/21)". (C.12)

C.3 Derivation of Non-Gendered Partition Function

In deriving the final form of the partition function for the non-gendered system, we begin
with the partition function expressed as a summation over the total number of dimers and

the total number of correct dimers:

Bk 7\ 2N-2 v k
Zn(V, T, Eq, § ) . om S S C.13
v oA —0 m— 0( >aN - </\3> (()\0/\@)3> (19

Using the integral expression Eq.(C.12), we find Eq.(C.13) becomes

ZN(V,T,Ep, A)

(VAN e e Nk 1 N\ /N —m _ .
a \/EO /)dxﬁ,;)ngo‘sk” (2N—2k—1)!!<m>(k—m><2x>N f(2x -1
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W/ dx 7}( (2x Ni i 2Nl —;k/ixl)%” (szm> (Il\c[—_:11> <2x;7—1>m

k=0m= O
(C.14)
where we denoted
24/2A3
0= \goeﬁEo, n= P, (C.15)

Next, we isolate the sum over m to find

mio <szm> <II\<I—_Z> <2x17— 1>m - (?j) <2x17_1 +1>k, (C.16)

where we used the fact that () = 0if k < 0, and the identity }_, (Z)(’;)xk = x"(1+

x)"7"("). Returning to Eq.(C.14), we find

ZN(V,T,Eo, A)

3\N ro0 x N
_ (V//\O) / dxe 2N Y

ko(i) 2N — 2k—1) [25x(’7+2x_1)r

3\NHN —x k
(V/ %) "2 ”/ dx € ey < >2k—1 [‘5 (17+2x—1)] . (C17)
V2N —1) = 2x

Then, using the integral identity

2N

kio<2k>(2k_1)”Ak 2\F/ dy [1+\/2T) +(1- \/E)ZN},(CJS)

derived from the integral definition of (2k — 1)!! and the binomial theorem, Eq.(C.17) be-

comes

ZN(V/ T/ EO/A)
_ V//\3 N2N / /
27‘[ 2N —1)!!

B V//\3 N2N / /
27‘[ 2N —1)!!

<1+\/y(5(17+2x—1) /x>2N+(\/y—> —\/?)]

[(fw}/a n+2x—1>)2N+ww—m :

(C.19)
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where (/¥ — —,/¥) stands in for the preceding term with ,/y replaced with —, /. Next,
using the identity
N

(2N — 1)1 = jEr (N+1/2), (C.20)

gives the final form of the partition function.

C.4 Equilibrium Conditions for Non-Gendered System

In this section, we justify the conditions defining the Laplace’s method approximation of
the partition function and show that they result in a system of equations for (k) and (m),
the average number of dimers and the average number of correct dimers, respectively.

In the main text, we made the approximation

Zn(V, T; Eo, A) :/0 /0 dxdy exp [ — BEn(x,1;V, T, Eo, A)]

~ 27t (det H) /?exp [~ BEn(%,7; V, T, Eo, A)], (C.21)
where we defined
1
BEN(x,y;V,T,Eg,A) =x+y+ 5 In(xy) — In <MiN + MZ,N) + BF(N,V,T), (C22)

with BFy(N, V, T) composed of terms that are independent of the variables x and y and of
the parameters Ep and A. In Eq.(C.21), ¥ and 7 are the critical points of Fy(x,y; V, T, Eo, A),
defined by

9i(BFN)

=0, (C.23)

x=1y=]

fori = x,y, and H is the Hessian matrix with the elements

H;; = 0;0;(BFn)| (C.24)
x=%,y=y
For the validity of Eq.(C.21), H must satisfy
detH >0, TrH >0. (C.25)
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Eq.(C.25) also ensures that the critical points defined by Eq.(4.24) are stable. We can com-
pute the average number of dimers and the average number of correct dimers from the

partition function via

(k) = a(ﬁan)anN(V’ TiEoA),  (m)= B(EA)anN(V, T; Eo, A). (C.26)

In Sec. C.4.1, we will use the conditions Eq.(C.23) along with the definitions in Eq.(C.26) to
calculate equilibrium constraints on (k) and (m). In Sec. C.4.2, we will show the equilibria
derived from these conditions satisfy Eq.(C.25) and are indeed stable. Also, by computing
the Hessian, we will show that the Indet H contribution the Hessian could make to the
free energy in Eq.(C.22) is sub-leading in the large N limit because it is of the same order

as the terms we drop in our derivation of the equilibrium conditions.

C.4.1 Computing Critical Points

Here we will derive the equilibrium conditions on (k) and (m) resulting from a N > 1
approximation of the partition function. We write the free energy Eq.(C.22) slightly differ-

ently as

BFn(x,v;V,T,Eg,A) = x+y+(1/2—N)Inx+ %lny —1In (NiN +NEN) + BFRy(N,V,T),

(C.27)
where
Ny =146Y2/y A(x; BD), (C.28)
and
pA _ 2V2A3
Axpr) ="l 5= \goeﬁEo. (C.29)

We can simplify Eq.(C.27) by considering our presumed N > 1 limit. First we note that
1+QN+ (1 - Q)N = (1+ Q)N + ¢n where, if Q > 0, then ¢y — 0 as an inverse power
of N for N — oo. Thus, Eq.(C.27) can be written as

1
BEN(x,y;V,T,Ey,A) =x+y—Nlnx + 5 Iny —2NInNy + BR(N,V,T) +en, (C.30)
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where €y is the error term which includes all terms that are subleading in the N > 1 limit
to the shown quantities. Now, using Eq.(C.28) and Eq.(C.30), we see that Eq.(C.23) yield

the equations

= ax(,BFN)

X=xy=7 T 1482 /§A(x; BA)
L NOEJAEPA) /g (C.32)

=1+ -

X=ZYy=7 2y 1—|—(51/2\/ (J? BA )

From the definitions in Eq.(C.26), we can express (k) and (m) in terms of ¥ and 7:

_¢1_N N&'2\/5/A(%; BA) <_eﬁA—1>’ €31

= ay(,BFN)

<k> = 8550 In ZN = —aﬁEO(‘BFN)’x

=X y=y
_ N&'2\/yA(x; B) (C.33)
1+ 612\ /7A(%; BA)
<1’}’l> = a,BA In ZN = _aﬁA<,BPN) x=ty=
1/2 /5 = BA
N2\ GTATGEA) e €34

T 14412 GA(%; BA) X

where we used Eq.(C.31) and Eq.(C.32) to set the coefficients of 0x/9d(BEy) and 037/9(BEo)
(and similarly for the ¥ and ¥ derivatives with respect to BA) to zero. To be explicit, we
note that the second equalities in both Eq.(C.33) and Eq.(C.34) would be better expressed
as approximations derived from Eq.(C.21). However, for the analytical calculations of this
system we will always be working in the N >> 1 regime and we will take the free energy
Eq.(C.30) as the true free energy of the system.

From Eq.(C.32), we find the condition
N§'/2

_ JA(%; BA)
1/2 = , 35
A W VN TNETTY (€.39)

and with Eq.(C.33), we obtain
7+1/2= (k). (C.36)
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Inverting Eq.(C.35), we find

o (1/2)?
or, with Eq.(C.36),
_ (k)?
0 ((k)y —1/2) A(%; BA) = ———. (C.38)
W =12 B = iy

We can further reduce this result by solving for A(X; BA) in terms of (k) and (m). Dividing
Eq.(C.33) by Eq.(C.34), yields

) _ T A(%; BA)e P2, (C.39)
which when solved for X, gives us
S 1 (k) — (m) g
== v/ . 4
X > 1+ ) e (C.40)

Substituting Eq.(C.40) into Eq.(C.39), then gives us

A(%; BA) K= (m)(1 — e PAy" (C.41)
Returning to Eq.(C.38), we obtain
LN R (m( e
26 (1 2<k>> = (N - (k>)2 . (C.42)

which is the first equilibrium condition constraining (k) and (m). We will primarily be
interested in temperature ranges at which (k) assumes a non-trivial value much larger
than of O(1). Thus we can take (k) > 1 leading to the result

WG g, _ (k) = (m) (1 — e F%)

% = N - (0) +0((k)™) (C.43)
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To find the second equilibrium condition, we note that Eq.(C.31) can be written as

(N — 2)A(x; BA)% = (k) (eP* —1). (C.44)

Using Eq.(C.39) and Eq.(C.40), this result becomes

Z
|
[
—_
_|_
=
|

$RY = $m) pa] — oy (1 — &P, (C.45)

or, with some rearranging,

Pt N — (m)(1 — e F2)
2 " ey

(C.46)

which is our second equilibrium condition. With the equilibrium conditions Eq.(C.43)
and Eq.(C.46) established, we can now turn to showing that these equilibria define stable

minima of the free energy.
C.4.2 Demonstrating Stability
To check whether the equilibrium conditions Eq.(C.43) and Eq.(C.46) define stable equilib-

ria for this system, we need to compute the various elements of the Hessian matrix

Hij = 0;9;(BFn)| (C.47)

x=%y=g

and ensure that the matrix is positive definite. By definition, a positive definite matrix
is one with positive eigenvalues. For the 2 x 2 matrix considered here, this amounts to

having a positive determinant and positive trace:

TtH>0, detH>0. (C.48)

We will first compute the diagonal elements composing Tr H. To compute
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af,( BFN)|x=zy=7, we must compute the first and second-order y derivatives of the free en-

ergy as general functions. Given Eq.(C.30), we obtain

1 2N

dy(BEN) = 1+ 2y maym (C.49)
2 _ 1 (0N )2 af,NJr
dy(BFN) = o7 +2N NN | (C.50)

From Eq.(C.28), we have

8V [ A(x; BA) 2 V2 [A(xBA) 1
oyN, = > y ING = — 1 e _—an/\@. (C.51)

Thus, Eq.(C.50) becomes

1
242

+2N

(B = €5

(9, N)% L1 oy N+

Setting x = ¥ and y = 7 in Eq.(C.52) and noting that d,(BFy) = 0 at these values, we find

93 (BF) [—-N+(7+1/2)*+ N7 +1/2)], (C.53)

X=X,y=y - ZN]ZZ

where we used Eq.(C.49) evaluated at x = ¥ and y = 7. Considering the argument of the
above expression, we find that it is positive for 7 > 1/2 + O(N~1!). In terms of our order
parameter, this result translates into 95 (BFy)|x=xy—y being positive for (k) > 1 which is
only violated when we are well-outside the range for non-trivial values of (k).

Next, computing 9%(BFy) given Eq.(C.30), we obtain

N 2N
ax(.BFN) =1- P max/\/’+ (C.54)
2 gm0y — N (N am]

oy (BEN) = 2 +2N [ A2 N | (C.55)

where

e .
AN+ == NG ﬁA)-GxA(x,,BA), (C.56)
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and

RNy = ai(fg A A(Xf B [A(x; BA) TA(x; BA) — % (0xA(x; ﬁA))z} . (C5Y)

Using the definition of A(x; BA) (given in Eq.(C.29)) in the quantity in the brackets above
yields

A(x; BA) 03 A (x; BA) — % (0xA(x; ﬁA))Z] = —W BA(x; BA) + 1] . (C58)

Thus Eq.(C.57) becomes
oxN; [3 1

2 . YxIV4 Y

SN, = [2 + A(x;,BA)] . (C.59)
Now, returning to Eq.(C.55) we have

N AN\ 0N [ 3 1
2 _ Y x/V+ XN+ | D)
0% (BFN) = x2+2N< N, ) +2N N, [2x+xA(x;lBA)} (C.60)

Setting x = ¥ and y = 7 in Eq.(C.60) and noting that d,(BFy) = 0 at these values, we

obtain

1

2 —
W) _ = oNe (C.61)

[X(HN) +

We can make further progress by expressing A(%; BA) in terms of ¥ and i. First, we note

that Eq.(C.40) and Eq.(C.46) together yield
x=N—(m)(1—e PP, (C.62)

and inverting Eq.(C.41) gives us

o H 0O L 2E) e
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where we used Eq.(C.62) and Eq.(C.36) in the final equality. Returning to Eq.(C.61), we

find
0%(BEy) =-——[(A+1)—2Nx(A—1)+N* (A —1)], (C.64)
X=X, y=y 2Nx?2
where we defined
N
A= . C.65

Since 7 +1/2 = (k) and (k) < N, we have A > 1 for non-zero temperature. For the
function

f(z) =22(A+1) —2z(A —1)+ A -1 (C.66)
where z € R, it can be shown that the minimum satisfies

f@lmin = 357 67

Thus, for A > 1, we find that f(z) > 0. Therefore, Eq.(C.64) is greater than zero for

equilibrium values ¥ and §. With Eq.(C.53) and Eq.(C.64), we can thus conclude
TrH = [aj([sFN) + ai(ﬁFN)} ‘ >0, (C.68)

x=1y=7

for (m) and (k) constrained by Eq.(C.43) and Eq.(C.46).
Now, we compute the off-diagonal elements that make up, together with the diagonal
elements, det H. Taking the y-partial derivative of Eq.(C.54), we have

1
N

1

+

9,9x (BFx) = —2N [ axmaym] . (C.69)

From Eq.(C.28), we have that the mixed partial of N, is

39,0 N: =9, [‘512/2 Jx (x,? gay A ;m)]

6172 1
T4 YA pA)

-0 A(x; BA) = Zlyax/\/+, (C.70)
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where we used Eq.(C.56), in the final equality. Evaluating Eq.(C.69) atx = ¥andy = ¢

and using
1 1 1 1 1 N
—d =—(1+=], —0 =—(1-—=), 71
N, oM+ x=ty=g 2N ( + 2y‘> N N x=ty=g 2N ( x) 7D

found from Eq.(C.49), Eq.(C.54), and the critical point condition, we obtain

_(N=9(N-§-1/2) (C.72)

0,0x(BF —
v ('3 N) X=X,y=y ZNX]/

Before we compute the determinant, it will prove useful to express the 7 in Eq.(C.53) and

Eq.(C.72) in terms of A given in Eq.(C.65). From Eq.(C.65), we find

(7+1/2)? ( N )
= — 14 ——
x=%y=§ 2Nj? (7+1/2)? LR 7+1/2

N A?

1 _ N
x=ty=7 2ny-(y+l/2)(N_x) <y‘+1/2 B 1)
1

T 2%y

9, (BFN)

(N—%)(A—1) (C.74)

Finally, computing the determinant of the Hessian from Eq.(C.64), Eq.(C.73), and Eq.(C.74),

we thus find

detH = [aﬁ(ﬁPN)a,%(ﬁFN) - (ayax(ﬁFN))z}

X=xy=y
1 _ _
= e [Ax* —2NB,x + B,], (C.75)
where
AA+1)
Ay=A(4- "0 (C.76)
N
/\2
By=(A-1) <2— N). (C.77)
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We want to show that Eq.(C.75) is always positive. We will employ a method similar to

that used in showing that 0%(BFy)|x—zy—y is positive. For the function
g(z) = Ayz* — 2Bz + By, (C.78)

where z € R, it can be shown that the minimum is given by

[8(2)]min = Bx (1 - fﬁ) : (C.79)

From Eq.(C.76), Eq.(C.77), and the condition 1 < (A) < N, we find that By < A, for all
valid A. From this inequality, we find

B B
-2 <1, ifBy >0, and -2 >1, ifBy <0. (C.80)
Ap A)

Thus, we can conclude that Eq.(C.79) is always positive for the entire domain of z and for

valid values of A. Considering Eq.(C.75) we then have

> 0. (C.81)

x=%y=7

det H = |32(BEN)%(BEN) — (3,9+(BFv))?]

With Eq.(C.68) and Eq.(C.81), we can conclude that the Hessian matrix is positive defi-
nite and thus that the derived equilibrium conditions Eq.(C.43) and Eq.(C.46) define stable
equilibria of the free energy Eq.(4.21), and, moreover, that our Laplace’s method approxi-
mation of the partition function Eq.(4.23) is valid.

Finally, in Eq.(C.75), we see that Indet H is on the order of a linear combination of
Inx and In§. Given that we ultimately dropped such terms from our calculation of the
equilibrium conditions Eq.(C.43) and Eq.(C.46), we now see that we were also justified in

ignoring the In det H contributions to our free energy.
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C.5 Simulation of Dimer System

The simulation results in Fig. 4.5 were obtained using the Metropolis-Hastings Monte
Carlo algorithm. We defined the microstate of our system by two lists: One defining the
particles that are monomers and the other defining the monomer-monomer pairs making
up the dimers. For example, a 2N = 10 particle system, could have a microstate defined
by the monomer list [1,4, 6,9] and the dimer list [(3,5), (2,8), (7,10)]. The free energy of a

microstate was given by
f(k,m) = —kEg — mA — kkgTIn(V/A3) — (2N — 2k)kgTIn(2v2 V /AY), (C.82)

for a system with k dimers of which m consisted of correct dimers.
To efficiently explore the state space of the system, we used three different types of
transitions with unique probability weights for each one. In the following, Ny, and Ny

represent the lengths of the monomer and dimer lists, respectively, before the transition.

1. Monomer Association: Two randomly chosen monomers are removed from the
monomer list, joined as a pair, and the pair is appended to the dimer list. Weight
=(Nm)/(Ng+1)

Example: mon = [1,3,4,5,6,9] and dim = [(2,8), (7,10)] — mon = [1,4,6,9] and
dim = [(3,5), (2,8), (7,10)]; Weight = 15/3.

2. Dimer Dissociation: One randomly chosen dimer is removed from the dimer list,

and both of its elements are appended to the monomer lists. Weight = Ng/ (N"‘2+2)
Example: mon = [6,9] and dim = [(1,4), (3,5), (2,8),(7,10)] — mon = [2,6,8,9] and
dim = [(1,4), (3,5), (7,10)]; Weight = 4/6.

3. Dimer Cross-Over: Two dimers are chosen randomly. One randomly chosen ele-
ment from one dimer is switched with a randomly chosen element of the other dimer.

Weight =1.

Example: dim = [(1,4), (3,5)(7,10)] — dim = [(1,10), (3,5), (4,10)] ], Weight = 1.
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The third type of transition is unphysical but is necessary to ensure that the system can
quickly escape kinetic traps that lead to inefficient sampling of the state space.
For each simulation step, there was a 1/3 probability of selecting each transition type

and the suggested step was accepted with log-probability
In paccept = - (ffin. - finit.) /kBT + In (Weight), (C83)

where fg,, and finit are the final and initial free energies of the microstate defined according
to Eq.(C.82), and “(Weight)" is the ratio between the number of ways to make the forward
transition and the number of ways to make the reverse transition. This weight was chosen
for each transition type to ensure that detailed balance was maintained. For impossible
transitions (e.g., monomer association for a microstate with no monomers), Paccept Was set
to zero.

At each temperature, the simulation was run for 30,000 time steps, of which the last
600 were used to compute ensemble averages of (k) and (m). These simulations were
repeated 50 times and each point in Fig. 4.5 represents the average (k) and (m) over these

runs. IPython code for procedure is found in the Supplementary Code.

C.6 Temperature Changes in Parameter Space

In Fig. C.1 we depict how the plots in Fig. 5 change as we change the value of kgT. We
note that since the regions are defined by temperature dependent boundaries, changing
the temperature of a system represented by a point also changes the arrangement of the

boundaries that surround the point.
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10° 107 4 * o * 10° 10° 107 108 10° 101
VIAZ VIAZ VIAZ

(D) kgT = 1.0 () kT = 0.8 (F) kgT = 0.6

FIGURE C.1: (a), (b), and (c): Plots of the points in Fig. 5a in the main text as we lower

the system temperature. Consistent with the simulation plots in Fig. 4, at kgT = 0.6 all the

systems are in the "fully correct assembly" regime. (d), (e), and (f): Plots of the point in Fig.

5b as we lower the system temperature. Consistent with the simulation plots in Fig. 4(c), at
kpT = 0.6 the systems is in the "fully correct assembly" regime.
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Gendered Dimer System

In Sec. 4.2, we introduced our study of the self-assembly of a dimer system by consid-
ering a collection of monomers where each monomer could form a dimer with any other
monomer. In this sense, we labeled this system as “non-gendered" to differentiate it from
systems in which monomers have constraints on the type of monomers to which they can
bind. In this section, we introduce a model with such constraints, namely one in which
there are two types of monomers and each monomer can only form a dimer with the
monomer of the opposite type. The statistical physics analysis of this gendered dimer
system is very similar to that of the non-gendered system, so we focus on the major results

rather than derivations.

D.1 Gendered partition function

Say that our system contains 2N distinguishable monomers of two kinds. There are N
distinguishable monomers labeled B1, B2, ..., By each of which has mass mg, and there
are N distinguishable monomers labeled a1, a5, ..., an each of which has mass m,. The
2N total monomers exist in thermal equilibrium at temperature T and in a volume V.
Each « monomer can bind to any f monomer (and vice versa), but « monomers cannot
bind to each other, and f monomers cannot bind to each other. When monomer a; binds
to monomer B/, the two form the dimer (ay, B¢), where the ordering within the pair is not
important. We define correct dimers as those consisting of a; binding to gy fork =1,...,N;

all other dimers are considered incorrect. Thus there are N possible correct dimers in this
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FIGURE D.1: Example microstate of the gendered system with 2N = 30 subunits. We rep-
resent the monomers of either gender as filled or unfilled half circles. Filled half-circles can
only bind to unfilled half-circles. Correct dimers consist of binding k to k and have bind-
ing energy —(Eop + A). All other dimers are incorrect and have binding energy —Ey. This
microstate has four correct dimers (in blue), four incorrect dimers (in yellow), and fourteen
monomers (in grey). The total binding energy for this microstate is —(8Eg + 4A). For pic-
torial clarity, the figure represents monomers as half-circles, but monomers are taken to be
point particles in the model.

system and N(N — 1) possible incorrect dimers. The binding energy for the dimers is given

by

—(Eo+A) ifm=mn
E (am, Bn) = (D.1)
—Ep if m #n,

indicating that correct dimers have a binding energy of —(Ey + A) and incorrect dimers
have a binding energy of —Ey, where Eg, A > 0.

We assume that the monomers and dimers are point particles with no rotational or vi-
brational properties and that apart from the binding energy, the monomers and the dimers
are free particles that do not interact with one another. An example microstate for this
system is shown in Fig. D.1.

We want to compute the partition function for this system. By an argument similar
to that used to establish Eq.(4.9) and Eq.(4.10), we find that the partition function can be

written as

) N J /N o [V N-j (v N-j v j
A1 e = Y8 (a0 () () () ©2
24

j=0 (=0 B ap

where A,, Aﬁ, and /\aﬁ are the thermal de Broglie wavelengths of an «# monomer, a j
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monomer, and an (&, B) dimer respectively. In the summations in Eq.(D.2), j counts the

number of dimers in the system, and ¢ counts the number of correct dimers. The factor

(3 )ow-r-s 03

is the answer to the following question:

N man-woman pairs enter a dance hall. All the pairs separate, and people
mingle with one another such that at some later time, there are some man-
woman pairs and there are some men and women who are alone. At this later
time, there are j man-woman pairs on the dance floor, and of this set, there are

¢ pairs from the set of original pairs. How many ways can this happen?

Interpreting Eq.(D.3) more physically, the factor (Z}] ) corresponds to the number of ways
to choose ¢ dimers from the set of N possible correct dimers. Under the constraint that each
dimer consists of opposite gender monomers, the factor by_; , is the number of ways of
forming j — ¢ dimers from a set of 2(N — ¢) monomers such that none of the chosen dimers
is amongst the set of N — £ correct dimers.

In computing Eq.(D.2), the pivotal quantity is by ;. We can determine this quantity

by considering another question:

Given n original man-woman pairs, what is the number of ways to form k < n
man-woman pairs such that none of these new pairs coincide with any of the

original pairs?

We call this number b, . Applying the principle of inclusion/exclusion in a way similar to

the application in SM Sec. 2, we find

b= Y (~1)" (Z) (Z:,’Z)Z(k— m)! (D.4)

Using the definition of the Gamma function to express (n — m)! as an integral, we then

obtain

_ 1 n * —x ,n—k k
b”’k_(n—k)!<k>/o dxe *x"F(x — 1)~ (D.5)
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As a consistency check, we can use Eq.(D.5) to prove the identity
N\>., (N
< ) Jt= Z <€)bN£,j€/ (D.6)
J (=0

which asserts that the total number of unique ways to form j < N man-woman pairs
(regardless of coincidence with some original pairing), is the sum of the number of ways
to choose ¢ original pairs multiplied by the number of ways to choose j — ¢ non-original
pairs.

We are now ready to return to Eq.(D.2). First, we rewrite the ideal gas contributions to

the partition function as

N N R O )

where we defined

A h h 11
A p M= ey (D.8)
\/2n(m,xm5)1/szT # 2nkBTm

Now, with the Laplace’s integral form of the Legendre Polynomial P, (x) (Gould, 2010)

Py(x) = 2171/027Td4) (x+ X2 — 1cos<,b>

n

(D.9)

and the series representation of the Legendre Polynomial (Gould, 2010)

x—1\" & n\? (x+1\F
P, = (2 ) k;) (k> (x — 1) : (D.10)
we can establish the integration identity

o\ 2 L 1 27 "
) <k> u :E/o dp (1+u+2vucosg) . (D.11)

k=0
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Incorporating Eq.(D.5) into Eq.(D.2), following a derivation analogous to that in SM

Sec. 3, and using Eq.(D.11), we ultimately find that the partition function for this system is

27
Zf\,(V,T,EO,A):znlN! (A3> / d4>/ / dxdye ) TN, (D.12)

where

A3 A3\
IT=x+ 7“ ePEoy Q) (x; BA) — 2 <VH) ePE/2, [y x Q(x; BA) cos ¢, (D.13)

and

Q(x; BA) = PP +x — 1. (D.14)

The thermal de Broglie wavelength in these expressions is defined as A, = h/\/2mukpT

with y = mgmy, /(mg + m,), the reduced mass of an (a, 3) dimer.

D.2 Equilibrium Conditions

With Eq.(D.12), the next step in studying the equilibrium properties of the gendered dimer
system is to derive the equilibrium conditions. Given Eq.(D.2), we see that we can compute
the average number of total dimers and the average number of correct dimers, respectively,

with

) =
{f) =

9
STBE /350) In ZJ,, (D.15)

) A) In Z}y. (D.16)

We can also compute the variances and covariances between these quantities through

072 0'<2€ 82E 855 a/gA
A . Po ' InZ4, (D.17)
O—l%j 0’62 8/3A8550 E)%A
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where (7]-2 is the variance in the total number of dimers, 07 is the variance in the number of
correct dimers, and agj = U]ZE is the covariance between the total number of dimers and the
number of correct dimers.

Using Eq.(D.12) directly in Eq.(D.15) and Eq.(D.16) would result in cumbersome in-
tegral expressions for (¢) and (j), so we will use Laplace’s method to approximate the
partition function. We can expect the exact calculation of this approximation to mirror
that in SM Sec. 4, but first we need to reduce Eq.(D.12) from a three-dimensional to a
two-dimensional integral. Implementing Laplace’s method on the ¢ variable alone, we

find that the integrand of Eq.(D.12) is maximized for ¢ = 7t. Therefore, we can make the

approximation
InZ\(V, T, Ep,A) = ln/O /0 dx dy e~ (xtY) Ié)\]:n +oen (D.18)

where Zy—r is Eq.(D.13) evaluated at ¢ = 77 and where " - - " stands in for terms that are
independent of Ey and A or are sub-leading to order N. Now, from the definitions Eq.(D.15)
and Eq.(D.16) and implementing the standard Laplace’s method algorithm in a way akin

to its application in SM Sec. 4, we find the system of equations

Ao _ ) = ()1 —e P (D.19)

(D.20)

We similarly find the variances and covariances between the number of dimers and the

number of correct dimers is

1

= sn (O (N =), (D21)

#:M%%g<$+;>, (D.22)

= sV = (1)), o

SRR

Comparing Eq.(D.19) and Eq.(D.20) with Eq.(4.27) and Eq.(4.28), we see that the sets of
equilibrium conditions for the non-gendered and gendered systems are identical except for

numerical factors. Therefore, the discussion in the main text also applies to this gendered
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system with only slight changes to the arguments of important expressions. In particular,
considering the fully-correct assembly condition for the gendered system (i.e., (j) = (¢)),

we find that the critical temperature kg T, = B! at which this condition is satisfied is

3 _ —BcA 2
AXP;C eﬁc(Eoﬂ)w —N-1, (D.23)

1—e Bed
where Ay . = h/\/2mukpT.. Similarly to Eq.(4.44), we can categorize the system as Type I
or IT according to the limiting behavior of the solution to Eq.(D.23). We define T} as

(Eo + A) {WO <2(EO+A)N2/3H o o) (N‘1> (D.24)

kgT| = 3E,,
H

WIN

where E, v = h*/2uV?/3, and Tj; as

A

(D.25)

Then a gendered system is Type I or Type II according to

Typel for T, ~Tj,
System Type = (D.26)
Typell for T, ~ Tj.
The parameter space behavior of this system is identical to that in Fig. 4.6, with T{ and T}

replacing Ty and Ty, respectively.

D.3 Inequalities for Assembly and Type

With Eq.(D.24) and Eq.(D.25), we can derive inequalities analogous to Eq.(4.45), Eq.(4.46),
and Eq.(4.48).

For the gendered dimer system, the “search-limiting" condition, derived from T < Ty,
is

NV < A3 ePEota), (D.27)
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7 5
13456789

FIGURE D.2: Example microstate of the gendered system with 2N = 20 subunits where one

type of monomer is fixed in space. We represent the two genders as shaded or unshaded

shapes. This microstate has two correct contacts (in blue), two incorrect contacts (in yellow),

and six monomers and unpaired binding sites (in grey). The total binding energy for this
microstate is —(4Eq + 24A).

where, consistent with the N > 1 limit, we dropped the O(N~!) term in Eq.(D.24). The

“combinatorics-limiting" condition, derived from T < Ty, is
N < P2, (D.28)

Eq.(D.27) and Eq.(D.28) are the two necessary, but not sufficient, conditions a gendered
dimer system must satisfy to be in the fully-correct assembly regime of its parameter space.

For a Type I dimer system, we require T/ < Tj;. Using Eq.(D.24) and Eq.(D.25) in the
inequality T/ < T}, and noting that if Wy(X) > k, then X > ke, we obtain an inequality

that when solved for N yields

3A 2E
N < exp [ZEOWO <3Eyov>} (D.29)

Eq.(D.29) is a necessary, but not sufficient, condition for a gendered dimer system to be of

Type L.

D.4 One type of monomer fixed; m, — oo limit

A special case of the gendered dimer system occurs when one of the two types of monomers
is fixed in space. We can envision such a system as having N distinguishable monomers in-
teracting with N binding sites where each monomer has a preferred binding site to which
it binds with energy —(Eo + A); for all other binding sites, the monomer binds with energy
—E.
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An example microstate of such a system is shown in Fig. D.2. The general partition
function for this system can be directly obtained from Eq.(D.12) by removing the VN /A3N
factor from the coefficient and taking A, — Ag. That is, if we are taking the particles of type
« to be fixed, then we ignore their dynamics by taking m, — oo, thus taking the reduced
mass p to mg.

The equilibrium conditions for this system are similarly given by Eq.(D.19) and Eq.(D.20)

with /\H replaced with A B in the former.
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Additional Models

In this appendix, we derive the partition functions presented in Chapter 5.

E.1 Generalized Thermal Derangements

In this section we derive Eq.(5.13). We first define our state space as all the unique permu-
tations of an ordered list of N elements where there are ¥ < N unique types of elements.
The original ordered list is defined as the “zeroth-energy arrangement” and it consists of
ny copies of an element wj, 1y copies of an element ws, . . ., and n, copies of an element w,
in a specific ordering. The exact ordering of this list is not important; it only matters that
an exact ordering exists.

The problem of counting the various ways one can completely derange (i.e., reorder
such that no element is in its original place) a list of elements with repeated elements was
solved in (Even and Gillis, 1976). For a list with n copies of an element wy fork =1,...,r,

it was found that the number of derangements is given by

Pa :/0 dxe™ g(—l)”kLnk(x), (E.1)

where n = (ny,...,n,) and where L, is the nth Laguerre Polynomial.
We say that our permutation system incurs an energy cost of +A; whenever a compo-
nent wy is not in this zeroth-energy arrangement. Therefore, if j; elements wy, j, elements

wy, ..., and j, elements wy, for a particular microstate, do not match their positions in the
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zeroth-energy arrangement, then the energy of the microstate is

& = ; M- (E.2)

We are almost at the stage where we can write down the partition function for this system.
We need only find the degeneracy factor associated with the energy Eq.(E.2). The number
of ways to reorder the elements in our key-sequence such that j; elements wy, ..., and j,
elements w;, are not in their original positions can be found combinatorially. Given that
there are (}) ways to choose k elements from a set of 7, (and that all j; chosen elements

from a set of n; are identical), the desired quantity is given by

7= () ()

where P; is defined in Eq.(E.1). The partition function is then

Za({PA)) = Z Ze i (M) (M, E4)

J1

where B = 1/kgT. Given Eq.(E.1), Eq.(E.4) can then be written as

Za({BMe}) = Z Ze—ﬁ Mji+e +Ah)<”1> . ( >/ dxe—x —1)L;, (x)

1

:/0 dxe * ﬁi<nk> —e PAYEL, (x). (E.5)

1j=0 \Jk

Now, given the definition of the Laguerre polynomial,

Lu(x) = ¥ (Z) (_k?kx", (E.6)

we find

j=0 j=0k=0
n k n n
Lz ()
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= (1+u)”Ln< e ) (E.7)

Thus Eq.(E.5) becomes

r

Za({BAY) = /Ooodxex ;H

=1

_ e M) ™ X
(1 e k) Lnk<1_em>. (E.8)

E.2 Quenched Distribution for Dimer Self-Assembly

In this section we derive the partition function Eq.(5.15). We have monomers «y for k =
1,...,N,N+1,...,2N which are distinct, have mass m, and exist as single copies. If two «

monomers come into contact (say «; and «;) the two can form a dimer with binding energy

—<EO+A1') if‘j—i‘IN,
E(zxi, zx]) = (E9)
—Ey otherwise.

A preliminary partition function for the non-quenched case is

N k N2k k
N 1% 1%
Zn(V,T,Ep, A) = N ( )eﬁAm <> — | Bk (E10)
k;()mzo T m A3 (Ao/V2)?

and from this form we can extrapolate to the quenched case:

ZN(V/ TIEOI {Al )

k v\ 2N-2k v k
Yo Y ancmk—mITn (PP, ..., ePAY) <A3> | ePEK
0

k=0 m=0 (Ao/V2)?
k
VAN Nk 24/2)3¢PEo
B (/\3> Z aN—m,k—mHm(eﬁAlf--"eﬂAN) + ! (E-11)
0 k=0m=0

where I, (x1, ..., xn) is the mth elementary symmetric polynomial in the variables (xq, ..., xx)
and ay_, k—m is the number of ways to form, from a set of 2N initially paired elements, k

pairs of which exactly m are found in the set of initial pairs. In Appendix B.5, we found
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that an integral expression for a,, ; is

- 1 n 1/°°
T an—20—1)1\¢) i Jo

dte 't71/2(28)"(1 —1/2t)".

Therefore, the partition function Eq.(E.11) becomes

Zn(V,T,Ep, {Ai})
k

3\2N
A 3 3

k=0m=0

k
_ (VAN e e’ N
= n /0 dxﬁ(Zx) k;)

m

where we defined

2N — 2k )1 I (1, 17)

X <N N m) (2)N="(1 — 1 /2x)k™

[6(1—1/2x))

(2N — 2k —1)1I

k
x Y <I]\J m)Hm(iyl,...,in) (2x—1)"",

From the properties of the elementary symmetric polynomial, we can show

K /N—m
) <N_k>Hm(x1,...,xN)(xm

Therefore, Eq.(E.13) becomes

Zn(V,T,Ep, {Ai})

3\2N
V//\ / P

= Hk(1+zxx1,...,1+ucxN).

N [5(1—1/2x)]f
N
Z 2N 2k — 1)!!

X (2x—1)_ Hk(Zx—l—l—m,...,Zx—l—l—in)

_ (/A

XHk(ZX—l—I—T]l,...
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(E.12)
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Using the identity
1 _@k=1n (%) _ 1 /°° dyﬂ@(zy)k (E.17)
@N-2k—1)!t ~ 2N-DI Ny~ /r@N -1 Jo v (%)
Eq.(E.16) becomes
ZN(V/T/EO/ {Al})
(V/A)™ [ avayS—x o sk (20
=% dxd 2x oy/x)" ~5=
<N -1y Ty BT L
ka(Zx—1+171,...,2x—1+17N)
(V/A3)2N A eV Ny e Gr)
VAL (N +1/2) / k;( v/ %)
x I (2x —=1+m1,...,2x =1 +7N). (E.18)

To move forward we need to derive one more identity. First, by the definition of the Beta

function,
B(x,y) = (x(;iy — / dt £ - (E.19)
we can show
1 t
i (N + 1)/O dat N1 — bk, (E.20)
k

And from the Cauchy integral formula (Zill and Shanahan, 2009), we can derive the iden-

tity
(2;:) 1 j{ dz 1 [+ 1+ (z-1)], (E.21)

i |z 2%

where the integral is over a closed contour about the origin in the complex plane. Using

Eq.(E.21) and Eq.(E.20) in Eq.(E.18), leads to

S [ e ()

+(z > —z2)
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_ N+1 1 dz NN T w (1
= /Odtjf?(zu) tg 1+ 5 (5-1) %

+(z > —z2)
N+1 dz N N
- 1+ F+a(l—t
47i / 7{ < > g [Z @ )xd
+ (z = —z2). (E.22)

Now, within the contour integral, we make the transformation

2 g ; t, (E.23)
From which we can show that the differentials transform as
dz dz
— —. E.24
z - 2z ( )

Thus, Eq.(E.22) becomes
(5)
erk—ﬂk(xl,..., N)
)
N+1 [dz [ 2NN
=~ 7{?/0 dt (1—1—\/1‘/2(1—1‘)) ,E z(1—t) +a(1—t)x]
+(Vz = —V2)
N+1 fdz ! oN N
= I ?{?/0 dt (x/l—t+\/t/7) [11 z 4 ax)
+ (Vz = —V/2). (E.25)

Using this identity to evaluate Eq.(E.18), we find

N
(2) ] [z+6y/x(n,+2x = 1)],

ZNn(V,T,Ep, {Ai}) —CON/ dxdyr ?{
=1

(E.26)
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where we defined
(V/AS)ZN
Co,N =
27ti/nl(N +1/2)’

(E.27)

and

By (z) = le/ [(VTH M)2N+ (m—m)ZN] . (E.28)

E.3 Particle Aggregation

In this section we derive Eq.(5.21). We begin from Eq.(5.20), rewritten here for convenience:

N N 1
Zn({E;}, V,T) = 2 2 5 (N ) knk> exp (5 EE%) ]’[nlj! (;) (E.29)
i= j

np= =0 nN= 0 ]:1

In Eq.(E.29), §(¢, k) is the Kronecker delta, 1 is the number of k-particle clusters, and Ay is
the thermal de Broglie wavelength of a single k-particle cluster of mass m; = kmy. Given
that each particle has mass m the thermal de Broglie wavelength of a k-particle cluster has

a simple relationship with the wavelength of a single particle:

h 1

A= —————— = —Ay, E.30
k \/ZN(kmo)kBT \/% 0 ( )
where A\g = Ay = h/+/2tmokgT. Finally, using the contour integral identities
1 dw ,_, 1 1 e’

we find Eq.(E.29) becomes

.
VN en i
ZV{ELY.T) = 5 f anzm e (As) P
=1 ]
\
°° Veﬁf !
s | wNHHfd 5 ( A3> . &3
n

]
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And using the geometric series formula to evaluate the quantity in the summation, we find

-1
1 dw N e - VePEj
ZN({Ei}/ V, T) = (271'i)N+1 7{ wN+1 ]1 j{ dz]?] (1 —w /\3 Z] ’ (E33)
j= j

which affirms Eq.(5.21).

165



Bibliography

Alberts, Bruce (1998). “The cell as a collection of protein machines: preparing the next
generation of molecular biologists”. In: Cell 92.3, pp. 291-294.

Alberts, Bruce et al. (2013). Essential cell biology. 4th. Garland Science.

Baxter, Rodney ] (2016). Exactly solved models in statistical mechanics. Elsevier.

Berg, Howard C and Edward M Purcell (1977). “Physics of chemoreception”. In: Biophysical
journal 20.2, pp. 193-219.

Binder, Kurt and A Peter Young (1986). “Spin glasses: Experimental facts, theoretical con-
cepts, and open questions”. In: Reviews of Modern physics 58.4, p. 801.

Blitzstein, Joseph K and Jessica Hwang (2014). Introduction to probability. CRC Press.

Borwein, Peter and Tamas Erdélyi (2012). Polynomials and polynomial inequalities. Vol. 161.
Springer Science & Business Media.

Breitung, Karl W (2006). Asymptotic approximations for probability integrals. Springer.

Brush, Stephen G (1967). “History of the Lenz-Ising model”. In: Reviews of modern physics
39.4, p. 883.

Bryngelson, Joseph D and Peter G Wolynes (1987). “Spin glasses and the statistical mechan-
ics of protein folding”. In: Proceedings of the National Academy of Sciences 84.21, pp. 7524~
7528.

Chandler, David (1987). Introduction to modern statistical mechanics. Oxford University Press,
p- 288.

Chuan-Chong, Chen and Koh Khee-Meng (1992). Principles and techniques in combinatorics.
Vol. 2. World Scientific.

Collins, Jesse Wronka (2014). Self-assembly of colloidal spheres with specific interactions. Har-

vard University.

166



Bibliography

Corbin, Rebecca W et al. (2003). “Toward a protein profile of Escherichia coli: comparison
to its transcription profile”. In: Proceedings of the National Academy of Sciences 100.16,
pp- 9232-9237.

Deeds, Eric ] et al. (2007). “Robust protein—protein interactions in crowded cellular envi-
ronments”. In: Proceedings of the National Academy of Sciences 104.38, pp. 14952-14957.

Derrida, Bernard (1980). “Random-energy model: Limit of a family of disordered models”.
In: Physical Review Letters 45.2, p. 79.

Dixon, John D and Brian Mortimer (1996). Permutation groups. Vol. 163. Springer Science &
Business Media.

Even, Shimon and J Gillis (1976). “Derangements and Laguerre polynomials”. In: Mathe-
matical Proceedings of the Cambridge Philosophical Society 79, pp. 135-143.

Fei, Jingyi and Taekjip Ha (2013). “Watching DNA breath one molecule at a time”. In:
Proceedings of the National Academy of Sciences 110.43, pp. 17173-17174.

Finkelstein, Alexei V and Joél Janin (1989). “The price of lost freedom: entropy of bimolec-
ular complex formation”. In: Protein Engineering, Design and Selection 3.1, pp. 1-3.

Fulton, Alice B (1982). “How crowded is the cytoplasm?” In: Cell 30.2, pp. 345-347.

Go, Nobubhiro (1983). “Theoretical studies of protein folding”. In: Annual review of biophysics
and bioengineering 12.1, pp. 183-210.

Gould, Henry W (2010). “Combinatorial Identities: Table II: Advanced Techniques for
Summing Finite Series”. document at https://math.wvu.edu/ hgould/Vol.5.PDF.
Hagan, Michael F, Oren M Elrad, and Robert L Jack (2011). “Mechanisms of kinetic trap-
ping in self-assembly and phase transformation”. In: The Journal of chemical physics

135.10, p. 104115.

Hardy, Godfrey H and Srinivasa Ramanujan (1918). “Asymptotic formulaze in combina-
tory analysis”. In: Proceedings of the London Mathematical Society 2.1, pp. 75-115.

Hippel, Peter H von and Otto G Berg (1989). “Facilitated target location in biological sys-
tems.” In: Journal of Biological Chemistry 264.2, pp. 675-678.

167


https://math.wvu.edu/~hgould/Vol.5.PDF

Bibliography

Hopfield, John J (1982). “Neural networks and physical systems with emergent collective
computational abilities”. In: Proceedings of the national academy of sciences 79.8, pp. 2554—
2558.

— (1984). “Neurons with graded response have collective computational properties like
those of two-state neurons”. In: Proceedings of the national academy of sciences 81.10,
pp- 3088-3092.

Hubbard, John H and Barbara Burke Hubbard (2015). Vector calculus, linear algebra, and
differential forms: a unified approach. Matrix Editions.

Innis, Michael and David Gelfand (1999). “Optimization of PCR: conversations between
Michael and David”. In: PCR Applications. Elsevier, pp. 3-22.

Irving, Ron (2013). Beyond the quadratic formula. Vol. 43. MAA.

Ising, Ernst (1925). “Beitrag zur theorie des ferromagnetismus”. In: Zeitschrift fiir Physik
31.1, pp. 253-258.

Israelachvili, Jacob N, D John Mitchell, and Barry W Ninham (1976). “Theory of self-
assembly of hydrocarbon amphiphiles into micelles and bilayers”. In: Journal of the
Chemical Society, Faraday Transactions 2: Molecular and Chemical Physics 72, pp. 1525
1568.

Jen-Jacobson, Linda (1997). “Protein—DNA recognition complexes: Conservation of struc-
ture and binding energy in the transition state”. In: Biopolymers: Original Research on
Biomolecules 44.2, pp. 153-180.

Johnston, lain G, Ard A Louis, and Jonathan PK Doye (2010). “Modelling the self-assembly
of virus capsids”. In: Journal of Physics: Condensed Matter 22.10, p. 104101.

Kardar, Mehran (2007a). “Statistical physics of particles”. In: Cambridge University Press.
Chap. 2, pp. 48-50.

— (2007b). Statistical physics of particles. Cambridge University Press.

— (2007c¢). “Statistical physics of particles”. In: Cambridge University Press. Chap. 5, pp. 48—
50.

Kastritis, Panagiotis L et al. (2011). “A structure-based benchmark for protein—protein

binding affinity”. In: Protein Science 20.3, pp. 482—491.

168



Bibliography

Kay, Lily E (1985). “Conceptual models and analytical tools: The biology of physicist Max
Delbriick”. In: Journal of the History of Biology 18.2, pp. 207-246.

Kindt, James T (2012). “Accounting for finite-number effects on cluster size distributions
in simulations of equilibrium aggregation”. In: Journal of chemical theory and computation
9.1, pp. 147-152.

Kuhn, Werner (1934). “Uber die gestalt fadenférmiger molekiile in 16sungen”. In: Kolloid-
Zeitschrift 68.1, pp. 2-15.

Landau, Lev D, EM Lifshitz, and LP Pitaevskii (1980). Statistical Physics (Course of Theoreti-
cal Physics, Volume 5). Pergamon Oxford.

Lukatsky, DB, KB Zeldovich, and EI Shakhnovich (2006). “Statistically enhanced self-attraction
of random patterns”. In: Physical review letters 97.17, p. 178101.

Luria, Salvador E (1984). A slot machine, a broken test tube: An autobiography. Harpercollins.

Luria, Salvador E and Max Delbriick (1943). “Mutations of bacteria from virus sensitivity
to virus resistance”. In: Genetics 28.6, p. 491.

Margolius, Barbara H (2001). “Avoiding your spouse at a bridge party”. In: Mathematics
Magazine 74.1, pp. 33-41.

Marko, John F and Eric D Siggia (1995). “Stretching dna”. In: Macromolecules 28.26, pp. 8759—
8770.

Marsh, Derek (2012). “Thermodynamics of phospholipid self-assembly”. In: Biophysical
journal 102.5, pp. 1079-1087.

Mehra, Jagdish (2001). “Erwin Schrodinger and the Rise of Wave Mechanics II. The Cre-
ation of Wave Mechanics”. In: The Golden Age of Theoretical Physics. 1st ed. Vol. 2. World
Scientific Publishing Co Inc. Chap. 22, pp. 762-763.

Metzler, David E (2001). “Biochemistry: The Chemical Reactions of Living Cells”. In: vol. 1.
Academic Press. Chap. 1, p. 4.

Milo, Ron and Rob Phillips (2015). Cell biology by the numbers. Garland Science.

Morrissey, Michael P and Eugene I Shakhnovich (1996). “Design of proteins with selected
thermal properties”. In: Folding and Design 1.5, pp. 391-405.

Nelson, Philip (2004). Biological physics: Energy, information life. WH Freeman New York.

169



Bibliography

Nemilov, Sergei V (2009). “Zero-point entropy of glasses as physical reality”. In: Journal of
Non-Crystalline Solids 355.10-12, pp. 607-616.

Nguyen, Hung D, Vijay S Reddy, and Charles L Brooks (2007). “Deciphering the kinetic
mechanism of spontaneous self-assembly of icosahedral capsids”. In: Nano letters 7.2,
pp- 338-344.

Nguyen, Michael and Suriyanarayanan Vaikuntanathan (2016). “Design principles for nonequi-
librium self-assembly”. In: Proceedings of the National Academy of Sciences 113.50, pp. 14231-
14236.

Nooren, Irene MA and Janet M Thornton (2003). “Diversity of protein—protein interac-
tions”. In: The EMBO journal 22.14, pp. 3486-3492.

Norn, Christoffer H and Ingemar André (2016). “Computational design of protein self-
assembly”. In: Current opinion in structural biology 39, pp. 39-45.

Onsager, Lars (1944). “Crystal statistics. I. A two-dimensional model with an order-disorder
transition”. In: Physical Review 65.3-4, p. 117.

Paine, Gregory H and Harold A Scheraga (1985). “Prediction of the native conforma-
tion of a polypeptide by a statistical-mechanical procedure. I. Backbone structure of
enkephalin”. In: Biopolymers: Original Research on Biomolecules 24.8, pp. 1391-1436.

Pérez-Rueda, Ernesto and Julio Collado-Vides (2000). “The repertoire of DNA-binding
transcriptional regulators in Escherichia coli K-12”. In: Nucleic acids research 28.8, pp. 1838—
1847.

Perlmutter, Jason D and Michael F Hagan (2015). “Mechanisms of virus assembly”. In:
Annual review of physical chemistry 66, pp. 217-239.

Poland, Douglas and Harold A Scheraga (1970). “Theory of helix-coil transitions in biopoly-
mers”. In:

Saitd, Nobuhiko, Kunihiko Takahashi, and Yasuo Yunoki (1967). “The statistical mechani-
cal theory of stiff chains”. In: Journal of the Physical Society of Japan 22.1, pp. 219-226.

SantaLucia, John (1998). “A unified view of polymer, dumbbell, and oligonucleotide DNA
nearest-neighbor thermodynamics”. In: Proceedings of the National Academy of Sciences

95.4, pp. 1460-1465.

170



Bibliography

Sayre, Anne (2000). Rosalind Franklin and DNA. WW Norton & Company.

Schellman, John A (1974). “Flexibility of DNA”. In: Biopolymers: Original Research on Biomolecules
13.1, pp. 217-226.

Sethna, James P (2006). Statistical mechanics: entropy, order parameters, and complexity. Vol. 14.
Oxford University Press Oxford. Chap. 6.

Shakhnovich, El and AM Gutin (1993a). “A new approach to the design of stable proteins”.
In: Protein Engineering 6.8, pp. 793-800.

Shakhnovich, Eugene I (1998). “Protein design: a perspective from simple tractable mod-
els”. In: Folding and Design 3.3, R45-R58.

Shakhnovich, Eugene I and Alexander M Gutin (1993b). “Engineering of stable and fast-
folding sequences of model proteins”. In: Proceedings of the National Academy of Sciences
90.15, pp. 7195-7199.

Sherrington, David and Scott Kirkpatrick (1975). “Solvable model of a spin-glass”. In: Phys-
ical review letters 35.26, p. 1792.

Soufi, Boumediene et al. (2015). “Characterization of the E. coli proteome and its modifica-
tions during growth and ethanol stress”. In: Frontiers in microbiology 6, p. 103.

Stein, Daniel L (1992). Spin glasses and biology. Vol. 6. World scientific.

Storm, Cornelis and Philip C Nelson (2003). “Theory of high-force DNA stretching and
overstretching”. In: Physical Review E 67.5, p. 051906.

Wales, David J (2005). “The energy landscape as a unifying theme in molecular science”.
In: Philosophical Transactions of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences 363.1827, pp. 357-377.

Watson, James D and Francis HC Crick (1953). “Genetical implications of the structure of
deoxyribonucleic acid”. In: Nature 171.4361, pp. 964-967.

Weisstein, Eric W (2002a). “Closed-Form Solution”. In:

— (2002b). “Digamma function”. In: Wolfram Mathworld.

— (2002c). “Incomplete Gamma function”. In: Wolfram Mathworld.

— (2002d). “Lambert W-function”. In: Wolfram Mathworld.

171



Bibliography

Williams, Mobolaji (2017). “Statistical physics of the symmetric group”. In: Physical Review
E 95.4, p. 042126.

Yeomans, Julia M (1992). Statistical mechanics of phase transitions. Oxford University Press.

Zhang, Jingshan, Sergei Maslov, and Eugene I Shakhnovich (2008). “Constraints imposed
by non-functional protein—protein interactions on gene expression and proteome size”.
In: Molecular systems biology 4.1, p. 210.

Zill, Dennis and Patrick Shanahan (2009). A first course in complex analysis with applications.
Jones & Bartlett Learning.

Zimm, BH, Paul Doty, and K Iso (1959). “Determination of the parameters for helix forma-
tion in poly-y-benzyl-L-glutamate”. In: Proceedings of the National Academy of Sciences
45.11, pp. 1601-1607.

Zimm, Bruno H (1960). “Theory of“melting”of the helical form in double chains of the
DNA type”. In: The Journal of Chemical Physics 33.5, pp. 1349-1356.

Zimm, Bruno H and JK Bragg (1959). “Theory of the phase transition between helix and
random coil in polypeptide chains”. In: The journal of chemical physics 31.2, pp. 526-535.

172



	Title Page
	Abstract
	Table of Contents
	List of Previous Published Work
	Acknowledgements
	Dedication
	Introduction
	Overview
	Supplementary Literature Review
	Reign of the Ising Model
	Concluding Remarks


	From Protein Design to the Symmetric Group
	Introduction 
	System and Partition Function 
	Phase-like Behavior of ``Non-Interacting" System
	Not a True Phase Transition


	Partition Function for Interacting Model 
	Calculating Order Parameter
	Discussion of Parameter Space
	Monte-Carlo Generated Parameter Space
	Triple and Quadruple Points and Transition Temperatures

	Discussion 

	Permutation Glass
	Introduction
	Equilibrium of Permutation Glass 
	Transition to the Correct Microstate 
	Example distributions  
	Gaussian distribution
	Uniform distribution
	Symmetric Bernoulli distribution

	Comparison of transition temperatures

	Simulation Comparison 
	Understanding Parameter Constraints 
	Glassy Regime 
	Discussion 

	Self-Assembly of a Dimer System
	Introduction
	Non-Gendered Partition Function 
	Naive Partition Function
	Dance-Hall Problem 
	Final Partition Function

	Equilibrium Conditions of Non-Gendered System 
	No Energy Advantage (= 0)  
	Complete Dimerization (E0 kBT) 

	Types and Regimes of Dimer Systems 
	Type I and Type II Dimer Systems 
	Numerical Solutions and Simulations 
	Parameter Space Plots 

	Inequalities for Assembly and Type 
	Limits of Fully-Correct Dimerization
	Limits of Type I System

	Biomolecular Systems 
	ssDNA-ssDNA interactions
	Transcription factor-DNA Interactions
	Protein-Protein Interactions

	Discussion and Interpretation 
	Limitations and Extensions 
	Concluding Statement

	Conclusion
	Summary
	Generalized Derangements
	Quenched Distribution for Dimer Self-Assembly 
	Particle Aggregation
	Final Remarks

	From Protein Design to the Symmetric Group, Derivations
	Alternative Derivations of Eq.(2.36) 
	Hubbard-Stratonovich Approach
	Gibbs-Bogoliubov Inequality Derivation of Eq.(2.36)

	Monte-Carlo Procedure for Parameter Space 
	Analytic Functions of Regime Boundaries 
	Order to Partial-Order Transition
	Order to Order-Partial-Order Metastability Transition
	Order to Disorder Transition



	Permutation Glass, Derivations
	Derivation of Correlation 
	Replica Symmetric Solution 
	Heuristic Derivation of Eq.(3.16) 
	Order Parameter for The Symmetric Bernoulli distribution 
	Deriving Probability limits 

	Self-Assembly of a Dimer System, Derivations
	Link to Supplementary Code
	Deriving an,  as a Series and an Integral 
	Derivation of Non-Gendered Partition Function 
	Equilibrium Conditions for Non-Gendered System 
	Computing Critical Points 
	Demonstrating Stability 

	Simulation of Dimer System 
	Temperature Changes in Parameter Space 

	Gendered Dimer System 
	Gendered partition function
	Equilibrium Conditions
	Inequalities for Assembly and Type
	One type of monomer fixed; m  limit

	Additional Models 
	Generalized Thermal Derangements 
	Quenched Distribution for Dimer Self-Assembly 
	Particle Aggregation 


